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1. Introduction

We generalize Teitelbaum’s work [16] on the definition of the L-invariant to Hilbert
modular forms that arise from definite quaternion algebras over totally real fields by the
Jacquet-Langlands correspondence.

More precisely, suppose that f is a Hilbert eigenform over a totally real field F' (see Sec-
tion 2.5) that is special at a prime p|p of F' (in the sense that the p-component of the cusp-
idal automorphic representation generated by f is the special representation of GLy(Fy)),
and that f arises from a totally definite quaternion algebra B over F' by the Jacquet—
Langlands correspondence. Assume that B splits at p, and that [ exactly divides the
conductor of f if B is ramified at [. Then we can define the L-invariant of f at the prime
p in the style of Teitelbaum (Definition 3.4). One new feature that arises in the totally
real case is that we have an L-invariant ﬁg’Tei(f ) for each embedding o of F,/Q, into Q,,.

As in Teitelbaum’s case (F' = Q), we need a pair of group cocycles associated to f in
order to define the L-invariant. One of them is in the manner of Schneider as in [16], and
the other is defined by using Coleman integrals given by the periods of the rigid analytic
modular form associated to the Jacquet—-Langlands correspondence of f. Another new
feature that occurs when F' # Q is that the rigid analytic modular forms involved are
in general vector valued (rather than scalar valued).

In the case ' = Q the Fontaine-Mazur L-invariant [10] is defined by applying
Fontaine’s theory to the Galois representation associated to the eigenform, and the def-
inition can be generalized to the Hilbert modular case (which will be explained in 3.2).
Then we conjecture that the Teitelbaum type L-invariant coincides with the correspond-
ing Fontaine-Mazur type L-invariant. In the case F' = Q this was proved in [8], by
making use of an explicit version of the comparison theorem in p-adic Hodge theory.

The organization of this paper is as follows. We collect preliminaries about automor-
phic forms on totally definite quaternion algebras in Section 2. The L-invariant in the
style of Teitelbaum is defined in Section 3. Then we state the exceptional zero conjecture
in Section 4.

Notation 1.1. Throughout the paper F is a totally real field, with ring of integers Op.
Denote by d = [F' : Q] the degree of F over Q. The ring of adeles, and finite adeles will
be denoted as Ar and F.
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Fix a rational prime p. For each p|p let F}, be the completion of F at p. Thus F), :=
F®qQy= Hp‘p F,.

For each prime [ of F', denote by val; the normalized valuation of Op,, whose value
on the uniformizer of Op, is one. Put |.|; to be the normalized absolute value of Fy given
by |z = N 17¥ Here in general we will denote by N the norm operation from F
to Q, either over the field itself, their completion, the adeles, or at the level of ideal (the
subscripts that occur would indicate the field extensions involved).

Let xQ,cycl be the p-adic cyclotomic character of Q, which by class field theory is
regarded as a Hecke character xq,cyel : Aa /Q* — Z,;. The class field theory isomor-
phism is normalized so that xqQcye1(2) = 2 for z € Z)5. Let xpcyal 1 Ap/F* — Z5 be
the Hecke character obtained by composing xq,cycl with the norm map from Az to Ag.
The character X g cycl is trivial on the archimedean connected component of A%, hence
we can view X pcyel as a character on Fx/ FY, where F[ is the set of totally positive
elements of F.

Fix once and for all an embedding of Q into Q, and C.

Denote by |.|, the absolute value on Q, normalized by the condition |p|, = 1/p. As
usual C,, is the completion of Qp with respect to |.|,. Denote by ord, the valuation
of C, normalized by the condition ord,(p) = 1.

Denote by I the set of embeddings of F' into Q,. We denote by Z[I] the free abelian
group generated by I. Note that we can partition I = [ |, I,, where I, consists of those
embeddings that factor through F,. We have #1I, = [F}, : Q).

Finally for any ring A, we denote by Ms(A) the ring of 2 x 2 matrices with coefficients
in A.

2. Preliminaries
2.1. Automorphic forms on totally definite quaternion algebras

Let B be a totally definite quaternion algebra over F', i.e. B ®r, R is isomorphic to
Hamilton’s quaternions, for all the real embeddings v : ' — R. We refer to Vigneras’
book [18] for the theory of quaternion algebras.

Denote by n~ the discriminant of B. Thus n~ is the square-free ideal of Op that is
equal to the product of the set of finite primes of O at which B ramifies. Note that the
number of prime factors of n~ is congruent to [F' : Q] mod 2. We denote by J the set of
primes of O above p that do not divide n~. The reader is advised to take J to be the
set of all primes above p, i.e. that n™ is relatively prime to p O, on first reading.

We now define automorphic forms on B*. Let BX = (B ®p F)* be the group of
finite adelic points of B*. Given b € B %, and a place v of F', we will denote by b, the
component of b at v. We will generally identify the finite places of F' with prime ideals
of O, so if v corresponds to a prime [, then we will also write b; for the corresponding
component of b. On the other hand, we will write b' for the element of B> obtained from b

by replacing b by the identity. Finally, we will write b, € [, By for the element (b,)

qlp qlp-
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We fix an isomorphism

B ®q Qp = H MQ(QP)

oel

which is equivalent to the data: for all q|p, and o € I, an isomorphism
Bq ®F,.c Qp = M2(Qp) (2.1)

(here Bq = B ®p Fy).
For each prime [ not dividing n™, fix an isomorphism of F-algebras:

L[iB[ZB@FF[—)MQ(F[) (22)

which induces an isomorphism of B[ and GLy(F}). If [ = q € J, we assume that the
isomorphism (2.1) for each o € I is induced from that of (2.2).

Let X = [[, X be an open compact subgroup of B*. Assume that the image of X
under ¢, is contained in GL2(OF, ) for all g € J. In the sequel, ¥y would then be identified
as subgroup of GLy(OF,) for each q € J.

Definition 2.1. For an embedding ¢ € I,, and integers n,v with n > 0, let L,(n,v) be
the Cp-vector space of polynomials in one variable of degree at most n, with coefficients

in Cp, and with the right action of B on L,(n,v) given as follows: for v € By, write
N = (‘z: dbz ) to be the image of v under
o — (2.1) o
Bq - (Bq ®qu‘7 QP) = GLQ(QP)v
then we define
v n a’lT +b°
Ply)(T) = det(~? °T+d°) Pl ——— ). 2.3
(PD) = det(47)" (T +a0) P (L) (23)

For a pair of vectors n = (ny)eer, v = (Vs )oer € Z[I], with n, > 0 for all o € I, put

L(n,v) = ®Lg(nmvg) = ® ® Ly(ng,vy).

oel qlp o€lq

For each g|p we have the natural tensor product right action of By on ®Uqu Lo(ng,vs5),
hence the product right-action of B = qup By on L(n,v). Define V;(ny,v,) to be the
C,-dual of L, (ns,v,), and V(n,v) to be the Cp-dual of L(n, v), with the dual left action
of B)S which is given by (P|y,®) = (P,v-®) fory € B)S, P € Ly(n,v) and ® € V,(n,v).

Let t = (1,---,1) € Z[I]. Suppose that there is an integer m such that the condition

n+2v =mt (2.4)
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is satisfied. Note that for a given n, the set of vectors v that satisfies condition (2.4) (for
variable integer m) differs from each other by integer multiples of ¢.

Definition 2.2. With the above notations, a p-adic automorphic form on B* of weight
(n,v), level X, is a function

®: B* = V(n,v)

that satisfies:
D(zybu) = X;?yd(z) (u;l . @(b)) (2.5)

forally € B*, b€ EX, u € ¥ and z € FX. Denote by SEB. (X)) the space of such forms.

n,v

Note that a form & of level X is determined by its values on a set of representatives
of the double coset space

B*\B*/%X

which is finite (being both compact and discrete).
If SZ (%) is non-zero, then by (2.5) the character XF.eyel has to factor through

n,v

ﬁX/FX, which implies that m is even, and hence n, is even for all o € I.

Remark 2.3. Let @ € SP (X). For any q|p, let mq be a uniformizer of Fy, identified as the
idele that is equal to 7y at the place q and 1 elsewhere. Applying Eq. (2.5) with z = m,
we have
P(mqb) = XFicyer(mq) " P(b)
= |Ne,/q,(ma)|, " NE, /q, (1q) " ®(b) for allbe B*. (2.6)

Remark 2.4. Given @ € S,_’EQ(E), and an integer r, define @' by
P'(g) = XF.eya(Nrdg 5 9)""2(9)

where Nrd 5 E B — Fis the map induced by the reduced norm map Nrdg,r from B
to F. Then ¢' € S} (), where

v =vtrt

(and hence n + 2v' = m't, with m’ = m + 2r). Here we are identifying the underlying
vector space of V(n,v) and V(n,v'). It follows that S7,(¥) = SP (X)) via this twisting
operation.
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In the case where n = 0 (and hence v = %) one usually considers the space Sp,(X)
modulo the C,-span of the form @, given by ®g = (XF’CycloNrdé/ﬁ)_m/g, as this does not
correspond to cusp form under the Jacquet—Langlands correspondence (see Section 2.5
below).

2.2. Hecke operators

Recall the definition of Hecke operators. For each prime [ { n™ at which X is maximal,
one can define the Hecke operators T} as follows. Fix the isomorphism ¢ : By — M (FY)
such that X becomes identified as GLa(OF,). Let m( be a uniformizer of O, and let k;
be the residue field at [. Given a double coset decomposition:

GL2(OR,) (é 72) GLy(OF,) = T€l|)_1(|k[) o, (1) GLa(OR, ). (2.7)

Define the action of the Hecke operator Ty on Sf,y(ﬂ) by the rule:

> orepi(r) P(0-on(D)) if [1p,

ZrePl(k[) UT([) ' é(b ' Ur([)) if [|p (28)

(T1)(b) = {

It is clear that this is independent of the choice of the o, ().

Suppose that for [ 1 n~ the level X\ is not maximal, but is an Iwahori subgroup of
GL2(OF,). Then we can define the operators U;. To define it, first recall the definition
of Iwahori subgroups.

In general for any [, let 7 be a uniformizer of O, as above. Then for m > 1, we define
the Twahori subgroup Ijm of GL2(Op,) of level [, by

Im = {(Z 3) € GL2(Op,) ‘ ¢ =0 mod 7r’f”}.

Similarly put

My (1" Op,) = {(i 2) € M3 (Op,) ‘ ¢ =0 mod W}”@}

Suppose that X' is a level, and [ ¥ n~, such that Xy = I;» for some n > 1. Given a
double coset decomposition

1 0 ~
I[" (0 71_[) I[" = I_I O-T([)Ilna (29)
define the action of the Hecke operator Uy on SP,(X) by the rule

Zrek[ (P(b : /J\T([)) if Hrpa

Sen, 0D - Db -5, (1) if [|p. (2.10)

(U@)(b) = {
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One can take for example:

5.(1) = <~ ! 0) (2.11)

where 7 € Op maps to r.
2.8. Choice of levels

In this paper, the level X is defined by the groups of units of local Eichler orders of B.
Thus let a be an ideal of Op, relatively prime to n~. For any prime [, let R be a local
order of By satisfying the condition:

Ry = the (unique) maximal order of By if [ divides n™

and

R, = an Eichler order of level [V211(®)

if [ is prime to n™.
For [ not dividing n~, we will assume that under the isomorphism ¢( : By — My (F}), the
image of Ry is Ma(I"*'%; Op,). Thus we have t((R[*) = Ivai (o).

Let R =[], Ri. Then R := BN R is an Eichler order of B of level a. We will denote
by X(a,n™) the level given by R* for the above choices of the local orders Ry.

Notation 2.5. We will write S2,(a,n™) for SZ,(X(a,n7)).

For the levels of the type X' = ¥Y(a,n™) one can also define the operators Uy for [|n~
as in (2.10) by using the double coset Xw(X; = w(X|, where wy is a uniformizer of the
maximal order Ry of By (note that Xy = R), i.e. if [[n~, then

B @(bw ) if [J(pa
(U[@)(b) - {WI . Q;(bw[) if [|p

In the rest of the paper, we will write the ideal a that occurs in the level in the form

a=mn"

with n™ relatively prime to pOr, and m divisible only by primes above p.

Put n = mnTn~. We denote by T the polynomial algebra over Z generated by the
symbols T} for [ { n, and the symbols Uy for [[n. The algebra T acts on the space of
automorphic forms, and other objects (cohomology groups for instance, see Section 2.5).
A form @ € Si ,(mn®,n7) is called an eigenform if it is an eigenvector for the action
of T.
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Suppose now that [ is a prime that divides mn™. Define the trace operator

+
Trﬂﬂ/[ : Sgy(anr,n_) — S£y<m—? 7n‘)

as follows: given a form @ € SP (mn™,n™),

mat _ [ 2, 2(gm) if [1p,
Trmn*/[(é)(g) - {ZT T - ¢(g7-r) if [‘p

Here {7} run over a set of left coset representatives of Ijn—1 modulo I;» where n =
val((mn™) (if n = 1 then I;n—1 is interpreted as GLa(OF,)). For example if [ divides mn™
exactly (i.e. n =1) then one can take (with the r indexed by P!(k)):

1 0
TT:(77 1> for r € ky (2.12)

(0 -1
*=\1 o)

A form @ € SP (mn*,n™) is said to be new at [, if

n,v

and

T L (@) = 0.

An eigenform & € SP (mn*,n7) is called a newform if it is new at all primes divid-
ing mn™T.
Finally define the Atkin—Lehner operator at [ as:

Wi:SP, (mnt,n7) = SP (mnt n7)

U

Wi(®)(g) = b P(gby), (2.13)

here by = ( 0 *(1)). In particular if the prime [ does not lie above p, then we have
Ty

Wi(®)(g) = P(gbr). An immediate calculation shows that when [ divides mn™ exactly, a
form ® € SZ, (mn*,n7) is new at [ if and only if
U(P) = —W(D). (2.14)

2.4. Harmonic cocycles on Bruhat-Tits tree

As in the previous section we write X' = X(mnt, n™). Fix a p € J. Identify B, with
GLa(Fp) via ¢p.
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Let {ti’p}?:"l be a set of representatives of
F\ F*JO}F)

(which is equal to the quotient of the strict ideal class group of F' by the image of Fy‘
and hy is the order of this group). We assume that the t; ,’s are chosen to have trivial
components at all q|p. Fix x; , € B with (xip)q = 1 for all q|p, such that Nrdﬁ/ﬁ,(xi,p) =
tip for ¢ = 1,---, hy. The theorem of the norm and the strong approximation theorem
(Theorems 4.1 and 4.3 of [18], Chapter 3) give a decomposition:

~ by
X = |T|1 B*z;, GLo(Fy) 2. (2.15)

More precisely if y € B*, then the unique index i of (2.15) to which y belongs is
determined by the condition that the class of Nrd 5 (yx o) i FI\ P JOXF s trivial.
Define, for ¢ =1, -, hy:

ff = ff(mnﬂn‘) ={y€e B~ | Vi€ (i) Z1(wip); " for [ £ p}.

Using (2.15), we have a bijection:

DEP\GLQ(FP)/EIO 5 BX\B* /¥ (2.16)

i=1

where for g € GLQ(Fp) the class of g in I\ GLo(Fp)/ Xy _gets mapped to the class of
Zip - g in BX\BX/Z with g regarded as the element of BX that is equal to g at the
place p, and equal to identity at other places.

Using (2.16), we see that a form & € S,fdmnﬂ n~), with n4+2v = mt, can be identified
as an hyp-tuples of function ¢y, - -, Z" on GLy(Fy), by the rule: ¢},(g) = ®(z;, - g), for
i=1,---,hy. The functions ¢}, satisfy:

&h (guz) = Xpea(2) (W98 - 0} (g)) for v € IF, g € GLy(Fy), u € Xy, 2 € Fy'.
(2.17)

Here u € X acts on V(n,v) by identifying it as an element of X, = ][, 2y which is u
at the factor at p, and identity at q # p and 7, = 7} where 7p = Hq‘pﬂ# Yq-

Formulas (2.8) and (2.10) for the action of the Hecke operators T, or U, can be
applied verbatim to the components ((b%,, e ¢g‘“), because the elements z; , as above
have trivial components at p. For instance, if p { n, then the form 7,& corresponds to
the hyp-tuple (Tpep, -+, Tpdy”), where

Todp(9) = > 0alp)- & (90a(p)).

a€P(kp)
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Similarly if p|n, then

Updh(9) = Y Galp) - ¢} (95a(p))- (2.18)

acky

Suppose now that p exactly divides m. We interpret this in terms of harmonic cocycles
on the Bruhat-Tits tree.

Let 7, be the Bruhat-Tits tree of PGLy(F}). Thus the vertex set of 7, is given by
the set of homothety classes of lattices of F, @ F},. Denote by V(7,) and £(7,) the set of
vertices and the set of oriented edges of T, respectively. If e € £(7,), then we denote by
€ the opposite edge of e. The source and target vertices of e will be noted as s(e) and
t(e). As usual 7, has the homogeneous (left) action of PGLy(F}), and we can identify
V('];) = PGLQ(Fp)/ GLQ(OF)J)7 and 8(7;) = PGLQ(FP)/IP

Definition 2.6. A harmonic one-cocycle on 7, with values in V' = V(n,v), is a function
c:E(Ty) =V

such that the following two conditions hold: for any edge e:

c(e) = —cl(e) (2.19)
and for all vertices v,
> ele)=0. (2.20)
s(e)=v

The C,-vector space of V-valued harmonic one-cocycles will be noted as C,.(7,, V).

Denote by O;P) the ring of p-integers of F' and by (O;P))X the group of p-units of F'.
We have I7 N F* = (O%p))x. Also note that if v € I'7, then Nrdp,pvy € ((91(5413))X nFY.

We have the action of B* on V via the map B* — qup B, but we want to twist this

so that the resulting action factors through the quotient of B* by ((’)gf))x.
Define the following action *, of B* on V: for vy € B*, and v € V,

N okp U 1= |NrdB/F’y|;n/2'yp ..
Then the action the x, factors through BX/(C’)?))X. For i = 1,--+, hy, put I} =
I} /(o).
The space C,.(T,, V) supports the following action of BX/(O;P))X: for v € B*, and
ce CL (T, V), the cocycle vy *, c is defined by

(vxp €)(e) =75y (e 'e)).
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Now let @ € SZ, (mn*,n™) which corresponds to an hy-tuple: (O (bﬁ“’) as above.
Assume that p exactly divides m. For each ¢ =1, -, hy, define a function Cgi, ON E(Ty)
as follows.

Let e = (s,t) € £(7T,) (going from s to t). Represent s and ¢ by lattices Ly and L, such
that L, contains L, with index N'p. Let g. € GLa(F}) such that g.(Op, ® OF,) = L
and ge(Op, ® pOp,) = L;. Then define

cpi (€) = | det gely"*ge - B3 (ge)- (2.21)
By (2.6) and (2.17) this is well-defined independent of the choice of L, L, and indepen-
dent of the choice of g.. The following property also follows from (2.17):

Coi (Tp€) =7 *p ci(€) for vy € I}, (2.22)

Denote by cg,p, the vector of functions {cy; }?:"1.
The U, operator has the following combinatorial description:

CUpd’fg (6) = Npm/Q Z C,z,é (6,) . (223)
s(e’)=t(e)

Similarly for the Atkin-Lehner operator Wy:
CWM{,%’ (6) = Npm/QCd); ((_3) (224)

Proposition 2.7. Suppose that the form @ € Sgy (mn™,n7) is new at p, and satisfies the

condition
U, ® = Np™/?a. (2.25)

Then the functions cy; are in CL (T, V), and are invariant under IY (with respect to
the action *y).

Proof. Condition (2.20) follows from (2.14), (2.23), and (2.24), together with the as-
sumption that @ is new at p. With (2.20), condition (2.19) then follows from (2.23) and

condition (2.25). The invariance under I'? is a restatement of (2.22). O

Remark 2.8. It can be readily checked that if ¢’ € S,, ,(mn™,n7) is the form obtained
from @ by the twisting operation as described in Remark 2.4, then @ and @’ define the
same harmonic cocycle (with the identification of the underlying vector space of V(n,v)
and V(n,v)).

In general let I" be a subgroup of B>/ (0}?)*. We now define Schneider’s map from
the space of V-valued I'-invariant cocycles on 7, to H* (I, V). Choose a vertex v € V(Ty).
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For ¢ € CL, (Ty, V), define k. to be the following function on I" with values in V: for
vyel,

k()= Y, cle), (2.26)

e:v—ypv

where the sum runs over the edges in the geodesic joining v and ~v.

From the I'-invariance of ¢, it follows that k. is a one-cocycle. Furthermore, the class
of k. in H(I',V) is independent of the choice of v.

Now apply this construction to I' = Fip. Denote by:

Rt Char( T, V)T = HI(IF,V)

¢ +— class of k.

the map defined as above. We also denote by

hy hy
A @ Ol (T V) = @ HN(IT.V)
=1

=1

the direct sum of the maps /ﬁc;‘ We denote by /ijf;l(gb;) € HY(I'?, V) the image of Coi s

under Ii:cgl Similarly denote by /{ffh(gﬁ) the image of cgp under Iﬁ:;’;Ch. Note that by

construction we have an identification of EB?:"I CL, (Ty, V)IT with the eigenspace of
SB(mnt n7)P=nev with Up-eigenvalue equal to Np™/2.
To conclude this section we state:

sch
i

sch

4 s an tsomor-

Proposition 2.9. The maps i} are isomorphisms. Hence the map Kk

phism.

Without interrupting the main reasoning of the paper we refer the reader to Ap-
pendix A for the proof.

2.5. Action of Hecke operators and Jacquet—Langlands—Shimizu correspondence

When we use the strong approximation theorem with respect to the prime p
(Egs. (2.15)—(2.17)) for the description of automorphic forms, the action of the Hecke
operators 11 or Uy for [ # p becomes more complicated as compared to the adelic de-
scription (when [ = p it is as in (2.18)). We describe this in the first part of this section.
The reader familiar with the formalism of [14, Section 2|, will notice the similarities.

First we observe the following: let y € B* whose component at p is trivial. Then
by (2.15), for any j = 1,---, hy, there is a unique ¢ = i(j) € {1,---,hy} corresponding
to j, and a € B, b € GL2(F}), and u € ¥ (here 2P =[], X), such that

Tjpy = 0y pbu. (2.27)
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Since the x; ,’s have trivial component at p, (2.27) is equivalent to:

zjpy = P pu

ap =b""t (2.28)

Now let [ # p. Put y = ((1) W([)) if [{n7, and y; = wy if [[n~ (with w; a uniformizer

of Ry). In either case we regard y; as an element of B* that has trivial components at
places outside I.
Take y =y in (2.27), (2.28). Then

i = (2)7 @i ),

L= (wjp)y o (wip)vur iU #Lp
which implies

E[y[E[ = E[(xjvp)[_la[(xw)lﬂl. (229)

Proposition 2.10. Suppose that we have a double coset decomposition

r*ar? =| o I7. (2.30)

Then we have a corresponding double coset decomposition

Zan= | (@r)i o i(@ip) (2.31)

T

Proof. This can be proved using the strong approximation theorem, as in [14,
(2.8a)—(2.8b)]. O

Suppose that [ n. Then from (2.31) we see that the elements (2;,); " () i(2ip)
can be taken to be the matrices o,.(I) used for defining 77 as in (2.7). Thus if we put
or(1) = (2;p); "()i(zip)i, then it is easy to check that we can write z;,0,(I) in the
form (2.27). More precisely,

zjpor(l) = arxi pbru,
for some b, € GLa(F}), u, € X¥. Similar discussions hold when [|n.

Proposition 2.11. Let & € S,f,y(mn"’,n_) correspond to the hy-tuple (¢',---,¢"®). For

[#£p, let & =Td or Ui depending on whether Lt n or l|n, and denote by (517 e 5}%)
the corresponding hy-tuple. Then given an index j, we have in the above notations:

& (9) = ()8 ¢ ((on);g) for g € GLo(Fp). (2.32)

T

(So in particular the action of Ty or Uy “permutes the components” of P.)
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Proof. This is a direct computation. First notice that if y satisfies (2.27)—(2.28) as above,
we have for any g € GLa(Fy):

(02 pug)

P(z5,pyg) = @
=d(a ol pgu)

P - dj(o‘p L pg)

= (4 ') - P (zipy ).

(For the last equality note that y and « have trivial component at p, and that «;, x; have
trivial components at all primes above p.)
Consider the case [ { n for Tj. The case where [|n for U; is similar. We have:

& (9) = B(x;,p9)
= (T@)(xj pg)
= Z o (l ®(zjpg0.(1))

= Z or(l ®(zjp0,(I)g).
By the above computations applied to y = o,.(I), we have
(0x(0),, - @250+ (V9) = ()} - B(zipay ) = - &' (a7 9)
and the result follows. O
We can similarly define action of the Hecke operators Ty or U; (I # p) on the

spaces @12, CL (T, V)™ and @), H'(I?, V). For instance, if ¢ = (c1,---,cp,) €
@h‘“ Ct..(Ty, V)T define ¢ = Tic = (&, - - ,Ch, ), where (in the above notations):

ci(e) = Za,, *p Ci (o) e). (2.33)

An immediate computation shows that if ¢ is the h,-tuple of harmonic cocycles associated
to @ (as in (2.21)), then T[c is the hy-tuple associated to T{9.

Similarly, if & = (k1,--, kn,) € @h" HY(IT?,V), define £ = Tik = (K1, -, Rp,) as
follows. In the notations above, for the index j and v € I; (and we continue to denote
by + its image in FJP), then:

Zar *p i (0 ya) (2.34)
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here 7/ is the unique index in (2.30) such that a; tya,. € I (thus the map r — ' is a
permutation). Note that (2.34) is well-defined independent of the choice of the cocycles
representing the x;’s.

Again we remark that the action of 7Ty and U; permutes the components of
D21 Cla (T3, V)T and that of @2, H(IF, V).

Proposition 2.12. The isomorphism k™ : @?:"1 CL (To, V)TV — EB?:"l HY (I, V) (cf.

Proposition 2.9) commutes the action of Ty and Uy for all [ # p.

Prgof. This is a direct computation. Let ¢ € @?;1 Cﬁar(ﬁ,V)Fip, denote by k €
@.2, HX(I'?,V) the image of ¢ under ,%;Ch, any ' the image of T[Q~(OI" Uic if I|n) un-
der x5, We maintain the notation of (2.33). Write v/ := a,; *ya, € I;. Fix vy € V(Ty);
at the level of cocycles we compute (to avoid notational difficulty we omit the subscript p

in the computations):

K=Y we

e:vg—yvo

Z Za, *p Cj (ar_le)

ewg—yvg T

Z Z Qy %y Ci(€)

r e:afl'uo*)ar_lfyvo

= Z Z ay *p c;(e)

—1 -1
T e:ar vo—Y'a; vo

— Z Z Q- *p Ci(e) + Z Z 078 *p ci(e)

— . !
T erar fvg—vg T ewo—=y'vo

+ Z Z Q- *p c;(€).

T

-1
exy'vo—=y'a; vo

Now the term

Z Z Q. xp ci(e) = Z Z o *p ¢i (7€)

1 _
T ey’ vo—y' @ vo T ewo—a, vo

=Y Y () male)

-1
T ewp—ra, vo

= Z Z () *p ci(e)

T e ﬁa;,l Vg

ey (Z S ci@)_

’ -1
T ewg—ra_, Vo
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Hence if we put

X::Z Z ay *p ci(e) €V

—1
T emwg—ay vo

(which is independent of ), then
/f;(fy) = Zar *p /@i(’y’) +yxp X — X,

Passing to cohomology we obtain &' = Tik (or Uik if [|n) as required. O

In the remainder of this subsection, we recall the relation between the quaternionic
forms of Section 2.1 and Hilbert modular forms via the Jacquet-Langlands correspon-
dence. First recall some definitions regarding Hilbert modular forms. For more details,
see [7, Chapter 2].

We will generally denote a place corresponding to an embedding of F into C as v.
Recall that we have fixed an embedding of Q into Q, and C, which allows us to identify I
also as the set of embeddings of F' into C (which necessarily has image in R).

Notation 2.13. Put F, = F ®q R, the archimedean component of Ap. For x € Ap,
denote by x its archimedean component, and we denote by z., > 0 the condition of
total positivity, i.e. all components at the infinite places are positive.

For oo = (2y)ver € Foo, put

er(Too) = €xp (27m' Z x,,)
vel
and
er(iTo) = exp (—277 Z m,,) .
vel

Let 1 be the standard unitary additive character of Ap/F such that ¥ p(2) = ep(oo)
for zo € Feo.

For any y € A}, denote by yOp the fractional ideal associated to y.

Put

K(n) = {(?; g) S GLQ(@F) ‘ v e H@F}
This will be the level group in the Hilbert modular case.

Definition 2.14. Let n be an ideal of Op, and k, v € Z[I] with k, > 2, satistying k+2v =
(m + 2)t for some integer m. By a cuspidal Hilbert modular form of weight (k,v) and
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level n (of trivial nebentype), we mean a function f : GLy(Ar) — C, satisfying the
following conditions:

(1) f satisfies the following transformation properties:

f(2s9) = 2|47 f(g9) forall g € GLz(AFR), s € GLy(F), z € AF,
£(gr(9)) = £(g) [T ™

vel

where 7(6) = (7,(0,))ver € [1,¢;50(2), with

. _ cos(#,) sin(8,)
v(00) ( —sin(f,) cos(6,) ) ’

f(gr) =f(g) forall g € GLy(AF), k € K(n).
(2) At each archimdean place v, the form f generates the discrete series representation

of GLa(F,) of weight k.
(3) f satisfies the cuspidal condition

f(ng)dn =0 for all g € GLa(AR),

N(F)\N(AF)
where N C GLs is the subgroup of upper triangular unipotent matrices.

The complex vector space of cuspidal Hilbert modular forms of weight (k, v), and level n,
is denoted as Sk ,(n, C).

Remark 2.15. In Definition 2.14, for condition (1) to be consistent k, has to be even
(hence also m) for all v € I. If v = 0, then f is said to have parallel weight k. We note
here that the definition employed here is slightly different from Definition 2.1 of [11],
most notably concerning the central character. The definition in [11] was convenient for
parallel weight forms, but for non-parallel weights situation the present definition is more
convenient.

Remark 2.16. If f € Sy, ,(n, C), then for an integer r, the form f’ defined by
f'(g) = |det g|5 . f(g) for g € GLy(Ap) (2.35)

lies in S, (n, C), where v/ = v +rt.
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Given a form f € Si,(n, C), we have the adelic Fourier expansion: let d be an idele
of F whose associated ideal is the different of F'. Then for all y € A}, whose archimedean
component ¥, is totally positive, and x € A,

f((% ”{))=|yAF D7 (€)1 C(EYdOR, )Y (En)er (i€acyss).  (2.36)

0KEer

(Here for y € R, with I identifying as the set of embeddings of F' into R, the notation
y{} stands for [Lervor)

The coefficients C'(b, f) range over all the integral ideals b of O (and are understood
to be zero if b is not integral), and are called the normalized Fourier coefficients of f.
The form f is called normalized if C'(Op,f) = 1.

Remark 2.17. In the situation of Remark 2.16, we have for all ideal b of Op,
C(b,f") =Nb"C(b,f). (2.37)

Let F be the composite of the image of F under all elements of Hom(F, Q). For any
subfield F of C that contains F', define

Sk, E) = {f € Sgu(n,C) | C(b,f) € E for all b}.
Then Sy »(n, E) is an E-vector space, and it is a theorem of Shimura [14] that
Sk,v(n,C) = S0, E) ®g C. (2.38)

Hence one can define Si ,(n, E), for any field E that contains F (in particular for E =

QaQ}ﬂCP)? by
Skw(n, E) = Sku(n, ﬁ) ®p E.

For [{ n, one has Hecke operators T} acting on Sy (n, C), such that on the normalized
Fourier coefficients:

C(b, Tif) = C(6L, £) +N[’"+1C(%, f).
If [|n, then one has the operators Uy, for which
C(b,Uf) = C(bL,f).

There is also an operator
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such that
b
C(b,f) = C(T’f)

(here C(%,£) is understood to be zero when [{b). A form in Sy, (n, C) is called new at [

if it does not lie in the span of the image of Sy, (¥,
under V.

If f is normalized, and is an eigenvector for T}, then the eigenvalue is C'(I, f) (similarly
for Uy). A Hilbert modular form f € Sy ,(n, C) is called an eigenform if it is normalized

and is an eigenvector for all the Hecke operators, in which case we have £ € S ,(n, Q).

C) under the natural inclusion and

It is called a newform if it is new at all primes dividing the level n, in which case n is
called the conductor of f.

Suppose that £ € Si,(n,C), with £ +2v = (m + 2)t as above, is a normalized
eigenform. If x is a finite order Hecke character of F', define the complex L-function of f
and x, for Re(s) > 0, as

(b)C(b, )
Ls,f,x) = Y X2 (2.39)
X zb: Nb

(here x(b) = 0 if b is not relatively prime to the conductor of x). By the eigenform
property it admits the Euler product over prime ideals:

1

L(S,f7 X) = H 1_ X([)O([a f)N[*S + elx([)2N1m+1f2s

(2.40)

(here ¢, = 0 if [ divides n, and is one otherwise). The function L(s, f) can be analytically
continued to an entire function, and admits a functional equation relating the value
L(s,f,x) to L(m+2—s,f,x™1). If x is trivial then the value L(m/2+1,f) is the central
L-value.

Finally recall a version of the Jacquet—Langlands—Shimizu correspondence, as can be
found as Theorem 2.30 in [7] for instance:

Theorem 2.18 (Jacquet—Langlands—Shimizu correspondence). Suppose that n = mntn~
as before. Let ® € S,iy(anr,n_) be an eigenform. In the case where n = Q0 (and hence
v = Ft) assume that ® # (XFcyc © Nrdg/ﬁ)_m/g. Then there is a unique normalized
Hilbert eigenform f of weight (n+2t,v), that is new at primes dividing =, such that the
eigenvalues of @ and £ with respect to T coincide. Conversely given a Hilbert eigenform f
of weight (n + 2t,v), level n, that is new at primes dividing n~, there is an eigenform
@ €S, (mnt n"), unique up to scalar multiples, such that the eigenvalues of £ and ®
with respect to T coincide. If @ is a newform then so is £ and conversely.
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Remark 2.19. With @ and f as in Theorem 2.18, let @ and f’ be the corresponding
twisted forms as in Remark 2.4 and Remark 2.16 respectively (for the same integer r).
Then &' and f’ correspond under the Jacquet-Langlands—Shimizu correspondence.

3. Teitelbaum type L-invariant
3.1. Rigid analytic modular forms and Coleman integrals

In this section, we define rigid analytic modular forms and Coleman integrals associ-
ated to the harmonic cocycles defined by (2.21). One new aspect that occurs when F' # Q
is that the rigid analytic forms and Coleman integrals to be considered are vector valued
rather scalar valued, and that we need to consider all the different embeddings o € I,.
The definitions are motivated by the Cerednik—Drinfeld theorem on p-adic uniformiza-
tion of Shimura curves over totally real fields, in the form proved by Varshavsky [17,
Theorem 5.3].

For p as before, put W, := Fp2 —{0,0}. Define, for o € I,,, the natural projection:

pry : W, — PY(FY) = Fy U {0}
pry ((2,9)) = (2/y)°. (3.1)
We will usually write ¢ for the affine coordinate of P*(Fy). We let GLy(Fy) act on W,
by the rule: for (‘z s) € GLy(Fp), and (z,y) € W,,

(CCL 3) (z,y) = (az + by, cx + dy). (3.2)

On the other hand, define the action of GLa(Fy) on P*(F7) by the rule: for (¢ ") €
GLy(F,) and t € P(FY),

a b a"t—i—b”
~t:4' .
(C d) Cot_|_da (33)

Then pry is equivariant for the action of GLa(Fy).

For any lattice L of FpQ, define L' := L —m, L to be the set of primitive vectors. Given
an oriented edge e = (s,t) € £(7,), choose lattices Ly and L; that represent s and ¢,
such that L, contains L; with index Ap. Put

Ug :=pry (L, N Ly). (3.4)

Note that U? is independent of the choices of Ly D L; and depends only on e. It is an
open compact subset of P'(Fy), and {U¢ }ceg(7,) forms a base of the p-adic topology of
PL(F?).

p
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Referring to the notations of Section 2.1, for (n,v) as before, put L7 = L7 (n,v) :=
Q0 Lor(nor,v50). We identify Ly (ng, vs) ®c, L7 (n,v) = L(n, v). Equip L (n, v) with
the right action of B, as in Definition 2.1 (except for the disappearance of the factor
L;(ng,ve)). Put V7 (n,v) to be the C,-linear dual of L7 (n,v), with the dual left action
of B).

For & satisfying the conditions of Proposition 2.7, we have the hy-tuple of harmonic
cocycle ¢y defined as in (2.21). We want to define a V7 = V7(n,v)-valued locally
analytic distribution Mg% on P!(FY) associated to cpy fori=1,--- hy.

In general let ¢ € CL, (75, V)'%. As described in [16, Proposition 9], the methods of
Amice—Velu and Vishik allow us to define the V?-valued locally analytic distribution pg
on Pl(Fg,’), characterized by the property: for any P € L,(n,,v,), the value of the
integral

/P(t) dug € V°

v

is given by the following: for any @ € L?,

([ Poaz0)@ = ey ec, @) (35)
Ue

The distribution g can be used to integrate locally meromorphic functions on P'(FY)
that are locally analytic on Fy, and with a pole of order at most n, at oco.
Note that by condition (2.19), we have

Pt)dpZ(t) =0 forall P € L,(ny,vy). (3.6)

PL(FY)

The invariance of the harmonic cocycle ¢ with respect to ff can then be stated as
follows: for all v € I'Y, and P € Ly (ny,v,),

[ Pz = Nyl ([ Py o), (37)

Us Ug

Toe s
Let Hpg be the p-adic upper half space over F7, which is a rigid analytic space
over FY whose Cp-points are given by Hps (C,) = P!(C,) — P'(F¢); notice that the
embedding o of F}, into C,, has to be specified (if F},/Q, is Galois, for example when p|p
is unramified, then H Fy is independent of the choice of o € I,). We equipped the action

of GL2(F}y) on Hpg as in the case of P'(FY), ¢f. Eq. (3.3).
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Denote by O rg the structure sheaf of Cp-algebras of the rigid space H Fy- Define the
V7-valued rigid analytic function fJ on H Fg(Cp) by the p-adic Poisson type integral
formula

2(z) = / PR dug(t) for z € Hpg(Cp). (3.8)

PL(F7)
Using (3.6) and (3.7), one can show that the function f¢ satisfies the transformation
property: for v € fip’ let v7 = (‘zz Z:) € GLa(Fy) be the image of v, € GLa(Fy)
under o. Then:

12 (- 2) = | Nedo a3 (Nadp 7)™ (2 4.d7) " - (72(2)). - (3.9)

The V7-valued function fJ is an example of a vector-valued rigid analytic modular form.
We now define the Coleman integrals. For 71,75 € Hpg, and P € Ly (ng,vy), define

T2

/P(z)fgé(z)dz = / P(t) logp(i — Z) dus(t) e ve. (3.10)

T1 PL(F7)

Here log, : Cf — C,, is Iwasawa’s p-adic logarithm, defined by the condition log,(p) = 0.

Proposition 3.1. For any v € fip’ we have:

Yp T2

P(2)f2(2)dz = | Nxdp, paly v - (/(PI%)(Z)fé’(Z)dZ>~

TIpT1 T1

Proof. With notations as in (3.9) we compute, using (3.7):

Yp T2

[ Ptz = [ P, (222 ) aw

— V71
o1 P1(Fy)

= |Nd m2, / Plyp(t)log, [ 2" T02) g0t
Nyl (- Pho(0o, (2122 ) auz)
P(Fy)

m t—Toc’T +d° -
=|Nrd3/m%-( Jt 1og,,( Xk )duc(t)>

t— T1 CUTQ + d°
Pl(Ff’

i)>)

Pl () duc (¢ >)

— Nl ([ Py,
P(Fy)

+d°
Nrd m/21 C'T1
+| T B/FV‘P p<co'7—2+d0'

PI( F"
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By (3.6), the second term in the last expression is zero, and hence we obtain the re-
sult. O

3.2. Definition of L-invariants

With the notation of the previous section, let ¢ € CL, (7p,V)!?. For each o € I,
define a V-valued cochain A7 on I Z-p as follows. Choose base point zo € ‘H Fg- Let v € ff,
and by abuse of notation we continue to denote its image in I'l as «. The value A7 (y) € V/
is determined as follows: it suffices to specify the evaluation of AZ(vy) on tensors of the
form P® Q € L = L(n,v), with P € L,(n,,vs), @ € L7 (n,v); then

A()(P©Q) = ( / P(z)fé’(z)dz> @. .11

20

By (3.11) it can be checked that A7 is a cocycle on I'? (with respect to the %, action
of I'' on V as in Section 2.4), and that the class of A7 in H'(I},V) is independent of

3
the choice of zy. This defines a map

COl o Char (7;7 )F,L-p N Hl (FZP’ V)
¢ — class of \7. (3.12)

col,o

Denote by x, " the direct sum of the maps

By hy
H;ol,a . @ Cﬁar(’nﬂ V)Fz‘,p — @ Hl (FZP, V) (313)

i=1
The same computations as in Section 2.5 show that

col,o

Proposition 3.2. The map x, commutes the Hecke operators Ty, Uy for all | # p.

Let @ € S, »(mn™,n7) be a newform that satisfies the condition of Proposition 2.7,
and corresponds to the tuple (gZ),lJ, R g") For o € I,, we have the cohomology class

KCOI ?(¢}) given by the Coleman integral. Denote b7 (D) = P, ek 47 (¢p). Thus we
have a pair of hy-tuple of cohomology class k5" (@), k3™ (P).
To define the Teitelbaum type L-invariant, we need the following multiplicity one

statement.

Proposition 3.3. The ®-eigenspace of the module @Zﬁl Hl(Fip,V) with respect to the
operators Ty, Uy for all l # p is one-dimensional.

Proof. By Proposition 2.9 we have an isomorphism between @?:"1 HY(IT,V)
and @f LCL (T, V)T and the latter is isomorphic to the Up-eigenspace of
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SB (mnt n7)P="ev with the Up-eigenvalue being equal to AN'p™/%; the isomorphisms
commute with the Hecke operators Ty, Uy for all [ # p. Thus the @-eigenspace of the
module @?;1 H'(I'?, V) is isomorphic to the $-eigenspace of SF, (mn™, n=)P~" with
respect to all Ty, Uy. This is one-dimensional by Theorem 2.18. 0

Thus both /eff)l’g(@) and ;™ (®) lie in P-isotypic component of the Hecke module

@?:”1 HY(I'?,V). By Proposition 3.3, the &-isotypic component of @?21 HY (LT, V)

sch

is one-dimensional, with a basis given by £}

L7™(®) € C,, such that

(®). It follows that there is a unique

Ry (@) = Ly T (D)™ (@) (3.14)
In particular we have
rin T (05) = L3 (@) (43) (3.15)

foralli=1,---,hy.

Definition 3.4. Let @ satisfy the condition of Proposition 2.7, and f be the Hilbert
newform corresponding to @ under the Jacquet—Langlands—Shimizu correspondence. The
Teitelbaum £ invariant L',g’Tei(f) of £ at the prime p, with respect to o € I, is the
quantity Eg’TEi (P) as defined in (3.15) (recall that f determines @ uniquely up to scalar
multiple, so L (f) is well-defined). Finally put

LyE(E) =Y Ly E). (3.16)

o€l

It can be checked that the L-invariant L";’Tei(f ) is independent of the choices that
occur in (2.1), (2.2) and (2.15). On the other hand, the reason that we define the quan-
tity £, (f) as the sum of Eg’Tei(f) over o € Iy, is that it is the quantity £,°(f) that is
expected to appear in the general form of the exceptional zero conjecture; see Conjec-
ture 4.2 below, and also Remark 4.3 for the justification of taking the sum over o € I,.

Remark 3.5. With f as above, let £’ be the twist of f as in Remark 2.16. It follows from
Remark 2.19 and Remark 2.8 that £5 7 (f) = L3 (£").

With f as in Definition 3.4, we have that p divides exactly the conductor of f, and
that

C(p,f) ZNPm/Q.

This condition is equivalent to saying that the p-component of the cuspidal automorphic
representation generated by f is the special representation of GLy(F},) (by the results
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of Casselman [3]). Therefore we can generalize the Fontaine-Mazur type L-invariant
LM (£) for each o € T, as follows.

Let f be a Hilbert eigenform, whose weight is (k,v) (here k = (ks)o, v = (V5)o
with k, € ZZ2, v, € Z, and o ranges over the set of embeddings of F into va as in
Definition 2.14). Let G be the absolute Galois group of F, and denote by

Pf - GF — GLQ(QI))

the two-dimensional p-adic Galois representation associated to the eigenform Hilbert f,
characterized by the condition

Tr pe(Froby) = C(I, f)

for all primes [ of F' not dividing p and the conductor of f; here Frob; is the Frobenius
element at [ and C(I,f) is the normalized Fourier coefficient of f at [, as in Eq. (2.36)
below. Since we assume that f is special at the prime p, the Galois representation pe was
already constructed by Carayol [2].

Put p = pf\GFF, the restriction of pf to the local Galois group G, at p. Denote by
Dy (p) the semi-stable Dieudonne module of Fontaine associated to p. From the main
result of [12], we have the following information about Ds(p). It is free of rank two
over F, o ®q, Qp (where Fj, o is the maximal subextension of F},/Q,, that is absolutely
unramified). Put D := Dg(p) ®p, , F. Then D is free of rank two over F, ®q, Q,.

For any o : F, — Q, it induces the map F, ®?q, Q, — Q. By [12] the module
Dy :=D®p, 9a,Qp.0 Q, is then a two-dimensional filtered (i, N)-module over Q,, with
the monodromy operator N being non-trivial. The data defining the filtration of D, is
given by a one-dimensional subspace F, C D,, where the jumps of the filtration are
given by (v, ks + v, — 1) (the underlying (¢, N) module of D, is independent of the
embedding ¢ up to isomorphism). Choose a pair of @-eigenvectors ui,us € D, such
that N(u1) = ug. Then {u1,us} is a basis of D,, and the Fontaine-Mazur L-invariant
L= Eg’FM (f) € Q, is the unique element such that

‘F(I = Qp(ul — £’U,2)

(the weak admissibility condition satisfied by D, insures that F, # C_quz). In partic-
ular, there is one such L-invariant for each embedding o : F, — Qp. Note that the
Fontaine-Mazur type L-invariant EZ’FM(f ) depends only on p|g, -

Conjecture 3.6. We have the equality
Ly (E) = Ly ().

In the case F' = Q this was proved by Iovita and Spiess [8, Theorem 6.4]. Conjec-
ture 3.6 would imply that Eg’FM(f) can be computed from the automorphic side, and
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conversely that £5 " (f) depends only on p¢|c r, - In particular L£77(f) does not depend
on the factorization of the conductor n = mn*n~.

4. Statement of the exceptional zero conjecture

To conclude, we state the exceptional zero conjecture for the p-adic L-functions of
Hilbert modular forms, using the Teitelbaum type L-invariants. Thus in contrast to the
previous sections, we do not assume that the Hilbert modular forms arise from definite
quaternion algebras via the Jacquet-Langlands—Shimizu correspondence.

We recall the properties of p-adic L-functions of Hilbert modular forms, as defined by
Dabrowski [4]. First we need some notations. Let 1 = ), 1, be a Hecke character of F
of finite order. Denote by sig(y)) € {£1}, the signature of 1, as the d-tuple (¥, (—1)),|co-
Thus sig(¢) = (1, -+, 1) if ¢ is unramified at all the infinite places. As another example,
let wq be the Teichmuller character of Q. Regarding wq as a Hecke character of Q, and
letting wr = wq o Np/q, one has sig(wp) = (=1,---,—1).

Denote by ¢, the conductor of ¢, and by 7(¢) the Gauss sum associated to ¢ [14,
Eq. (3.9)].

Let f € Sy12¢»(n) be a normalized Hilbert newform, with n + 2v = m¢ for some even
integer m. Put

Ty :I(I}g;w[,, r* 2151611]1(71[, +Uy) =M — Ty
Then for r, < r < r* the values L(r + 1,f) are the critical values in the sense of
Deligne of the complex L-function L(s,f) associated to f. The central critical value is
L(m/2+1,f).
We have Shimura’s rationality result on L-values, c¢f. [14, Theorem 4.3(I)], and
[4, remark (ii) on p. 1027]: for every w € {£1}%, one can choose 2% € C*, such that, for
integer 7, < r < r*, and finite order Hecke character 1 of F', with conductor ¢, the value:

HUEIF(T+1_UU) D;”L(T+17faw)

128 1,f = : i
(7"+ s 71/}) HUGI(_QWi)rfvg T(¢71)Q§_1)T31g(¢)

(4.1)

lies in the (finite) field extension of Q generated by the normalized Fourier coefficients
of f and the values of 1, so in particular is an algebraic number (here D is the discrim-
inant of F, and I'(s) is Euler’s I'-function). It is called the algebraic part of the critical
value L(r + 1,f,1).

Now for each q|p, factor the Hecke polynomial at g:

X2 = C(q,£)X + egNg™ ' = (X — a(q)) (X - B(q)) (4.2)

(here g =1 if q { n, and equal to zero otherwise).
For each q|p order the roots a(q), 5(q) so that ord, a(q) < ord, 8(q). Assume that
ord, a(q) < oo for all p|p. We refer to [4, Theorem 1] for the following statement:
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Theorem 4.1. For any finite order Hecke character x of F' unramified outside the places p
and oo, there is a p-adic analytic function Ly(s,f,x) for s € Z, (called the p-adic
L-function of £ and x ), that satisfies the following interpolation property: for all integers
re <1 < r* we have

Ly(r+1,£,x) = [[ &a(® o) - L% (r + 1£, (xwi") 7). (4.3)
qlp
Here
-7 N r —r\—1 )
On the other hand if q|cxw;m then
r+1\ ™
E(f, x,r) = (A(Ciq) ) with n = valge, ,—r. (4.5)

Let S be the set of primes p|p such that p exactly divides n, and such that
a(p) = C(p, f) = Np™/2. (4.6)
If p € S, and g is a finite order Hecke character of F such that yo(p) = 1, then by (4.4),
we have &, (f, Xow?/Q,m/Q) = 0. Hence in this case, we have by (4.4):

L,(m/2+ 1,1, Xow;n/Q) =0 (4.7

in which case we say that L, (s, f, Xow?”) has an exceptional zero at s = m/2 + 1.
Now we state

Conjecture 4.2. Denote by e the cardinality of S. Assume that e > 1. Then for xo a
finite order Hecke character such that xo(p) = 1 for all p € S, the p-adic L-function
Ly(s,f, Xow;nﬂ) vanishes to order at least e at s = m/2+1. We also have the derivative

formula:
iy 57f7X0wm/2
ds® » F )s:m/2+1
_ H ETGI H ‘C/‘ f XOWF ’m/Q) .Lalg(m/2+ l,f,Xo). (48)
pes alp, a¢S

Remark 4.3. Let E/F be a modular elliptic curve over F', in the sense that there is a
Hilbert newform fg of parallel weight 2 with conductor n equal to that of F, such that
the Galois representation of Gp on the p-adic Tate-module of E/F is isomorphic to pg, .
Suppose that p € S. Then E has split multiplicative reduction at p, hence E/F, has a
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p-adic Tate uniformization. Let Qg € pOFp, — {0} be the Tate period of E/F,. Then it
can be shown (as in [1, Section I1.4]) that for o € I,

_ log, Q% B log, Q%

val,Q%  val,Qp

£y™ (fp)

Thus

LM (fp) = > Lp™

o€l

Va,lp QE Va,lp QE
p

o Z IngQ% _ 1ngNFp/QpQE
€1

1ng NFF /Qp QE
pp ordy, NF;J /Qp Qe

(here f,/, is the residue field degree of F},/Q,). So in this case Conjecture 4.2 is the
conjecture of Greenberg and Hida (stated as Conjecture 9.1 of [11]) if Conjecture 3.6
holds.

Remark 4.4. Recently Spiess [15] proved the exceptional zero conjecture for modular el-
liptic curves over totally real fields under certain conditions. In [15], Spiess introduced the
automorphic L-invariant Eﬁp which is a generalization of Darmon’s L-invariant defined
in [5] and showed the exceptional zero conjecture for Hilbert modular forms with the
automorphic L-invariant using a new construction of p-adic L-functions attached to co-
homology classes. The coincidence of L-invariant ﬁgp = L,(F) is obtained by comparing
the exceptional zero formula and the main result of [11].
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Appendix A

Here we prove Proposition 2.9. We largely follow de Shalit [13] whose arguments we
extract and suitably generalize.
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Recall that I'? = I7/(O%)*. Put (I'?), := I’'NB,, where B, = {y € B, Nrdp/p~y =
1}, and (I7)1 := (I7)1/{=£1}. Then we have an exact sequence
Nrd X X\ 2
Lo (IF), = I =25 (0) " /((0) ).

Note that ((951,19))X/(((’);f'))x)2 is finite, hence (I'%); is normal of finite index in I7°.
Now I? embeds as a discrete finitely generated cocompact subgroup of PGLy(Fy)

K2

[6, Chapter 9], and by [6] we can pick I C (I'7); that is normal of finite index in I'} and
is free (called an arithmetic Schottky group). Put A = I'?/I", then

Cla(To V)T = (CLu(To V)D) 2

HY(I},V) = H(L,V)%.
Hence it suffices to show that the map

K Cpae(To, V)T — HY(I,V)

¢ — class of k.

is isomorphism.

Note that since I" C B;/{£l}, its action on L(n,v),V(n,v) does not “see” the
determinant factor involving v. In conjunction with this, for an even integer n, de-
note by Sym"(C?) the Cp-vector space of polynomials in one variable of degree at
most n, with right action of PSLy(C,) = SLo(C,)/{£1} given by the usual rule: for

g= (’z Z) € PSLy(C,), and P(t) € Sym"(C2),

n at+b
Plg(t) = (ct +d)" - P(ct n d>'

Denote by (Sym"(C3))* the dual of Sym™(C?), with the dual left action of SLy(C,).
Next we observe that dim C}, (7,,V)! > dim H*(I, V). Indeed, let v and ¢ be the
number of vertices and unoriented edges of the finite connected graph I'\7,. Then g =
¢ — b + 1 is the genus of the graph, and I is free on g generators. First compute the
dimension of H'(I',V). Denote by D = [] .;(n, 4+ 1) the dimension of V = V(n,v).
Then the dimension of the space of cocycles on I" is gD. On the other hand, the dimension
of the space of coboundaries on I' is equal to D if n # 0 (since V' = 0), and equal to 0
if n = 0 (since we can take V = C,). Hence

- 1)D

dim HY(I, V) = { (g

if n #0,
g if n=0.

IS 13

Now consider the dimension of CL, (7,,V)!". When n = 0, we can take V = C,, and

it’s well-known that its dimension is g. In general, to define an element of C{, (75, V)’
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one needs to specify an element of V on the ¢ unoriented edges of I'\7,, subject to v linear

conditions at the vertices. It follows that dim C},.(7,,V)! >e-D—v-D = (g9 —1)D,

as required.
Thus it suffices to show that x5! is injective. Denote:

CUTy, V) = {g:V(Ty) =V},
CY Ty, V) = {f : E(Tp) = V| f(&) = —f(e) for all edge e}.

We have a map d : C(T,, V) = CY(T,,V): if g € C°(T,, V),
(dg)(e) = g(t(e)) — g(s(e)).

It is easy to see that d is surjective: fix a vg € V(7). Then for f € C'(7,,V), define
g€ C%T,,V) by

gv)= Y fle)
e:vg—v
Then dg = f.
Thus we have a short exact sequence of I'-modules:

0=V —C%T,, V) L CY(T,, V) — 0.

Put CP. (T, V) =d Y (CL,.(Tp,V)). Then

har

0=V = Gy, V) -5 Cran(Ty, V) = 0.
This gives the associated long exact sequence
0=V = Clo(Tp, V)T 5 Ciae(Ty, V)T 2 HY(LLV).
A direct computation shows that the connecting homomorphism 0 is equal to —/ﬁ?h.
Hence it suffices to prove that VI' = CP, (7,, V).

To prove this we need a rational structure on the C,[I']-module V. Let K be the Galois
closure of F in Q. Then K is again totally real. Fix an embedding of K into C,. We are
going to define a K-vector space U, with K-linear action of I', such that U ® x C, =V
as I'-module. Then V' = Ul @ C,. While C?, (T,,V) # C. (T,,U) @k C,, we do
have CP, (Ty, V)T = (C..(T,,U) ®K C,)! since I'\T, is finite. The latter is equal to
CY (To, U)F @k C,. So it suffices to show that U = CP, (T,,U)’".

We now define such a K-structure for V. Say the quaternion algebra B is defined by

B=TF+Fa+FB+ Faf

where a8 = —Ba, o = a, 2 = b, with a, b totally negative elements of F. Now since
we have fixed an embedding of K into C,, we can identify I, the set of embeddings
of F into Q,, with the set of embeddings of F into K. For each embedding o € I, put
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Bk, = B®po, K. Let By, := {¢ € Br,, Trdg, . /x(§) = 0} (spanned over K by
a®1,8®1,af ®1 for instance), and by (Bk )1 = {§{ € Bk, Nrdg, ,/x(§) = 1}.
Here Trdp,, , /i, Nrdp, /i are the reduced trace and reduced norm on By , (which are
induced from that of B). We have the right action of (B )1 on B?(’U by conjugation.

There is a K-valued positive definite inner product ( , ) on B?(,U, defined as follows:
for 6,¢ € B(}(J,

(0,€) = Trdp, /K (067)

where £ — £* is the canonical involution of Bk, (again induced from that of B). It is
immediately seen to be invariant under (Bg o)1.

Define W , to be the K-dual of B?(’U. It inherits the (B o )1-invariant inner product
from B?{)U. For example, define X; ,, X5 ,, X3, to be the elements of Wi, dual to
a®1,®1,af ®1. Then

(Xl,aaXl,a) = 71/(107 (XQ,CNXZ,U) = 71/bg7 (XB,UaXB,U) = 1/(ab)a-

Let (Bk,s)1 act on the left on W1 ,, by dualizing the right action of (Bk )1 on B%}U.

For integer m > 1, define W, , to be the m-th symmetric power of W; ,, with the
m—+2
2
the space of homogeneous polynomials in X 5, X2 5, X3, of degree m with coeflicients

induced action of (Bg »)1. The dimension of Wy, , over K is ( ), and can be viewed as
in K. It inherits the (Bk,,)1-invariant inner product from Wi ,.
Now denote by A, : W, » = Wy,_2 , the Laplacian:

1 92 1 92 1 0?

Ay = —— 1 .
" 0XZ, b 0XZ, | (ab)” OX2,

The map A, is surjective (with the convention that W_; , = 0, and Wy, = K) and
commutes with the action of (Bg,)1. Hence if we define Uy, , 1= ker(Ay @ Wi o —
Win—2,0). Then U, » has dimension 2m+1 over K, with the action of (Bk «)1. Further-
more when we extend scalars from K to C,, then U,, , ®x C, becomes isomorphic to
(Smem(CZQ,))*7 with the isomorphism commuting with the action of (Bk )1 [9, Corol-
lary 2.16, part (1)]. Here (Bk,»)1 acts on (Symzm(Cg))* via (here g|p is the prime for
which o € I):

1)
(Br,o)1 = (Bro @x Cp)1 = (B®Fs Cp)1 = (Bqg ®F, 0 Cp)1 = SLa(C,). (A1)

In particular when restricted to Bj, this can be described as follows: for v € By, let

(‘iz ZZ) € SL2(C,) be the image of v ® 1 € (Bk,,)1 under the map (A.1). Then for

h e (Symzm(Ci))*, the action of v ® 1 sends h to b/, where
m Ut+b0’
W(P(t) =h( (t+d7)*" [T

for all P(t) € Sym>™(C2).
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In particular, it follows that for V = @ .; Vo(ns,vs), with n, = 2m,, we can put
U= ®U€I Um, o The action of By on U is via the tensor product action coming from the
embedding By — [],¢;(Bk,o)1- Then V is isomorphic to U ® x C,, and the isomorphism
respects the action of I'. We also see that U inherits a I'-invariant inner product ( , )
from the inner products on each Uy, .

The I'-invariant K-valued inner product (,) on U can be used to define non-
degenerate bilinear forms on C°(7,,U)" and C'(7,,U)"":

(9,00 = 3 (91(0).92(v)) on CO(T;,U)"
vel\V(Ty)

(fi, f2) = > (f1(e), fa(e)) on CH(Ty, U)".

e€IME(Ty)/{£1}

Here £(7,)/{%1} means we take the edges of £(7,) modulo orientation. Since K is real,
these are actually inner products, i.e. positive definite.
Define § : C*(7,,U) — C°(7,,U) by

Sf(w)= Y_ fle).

t(e)=v

Then f € CL, (7,,U) if and only if 6f = 0.
By a direct computation, we have for f € C°(T,,U)!, g € C1(T,,U)"":

(f.dg)=(5f,9)

Now we can complete the proof as follows. Suppose that g € CP, (T,,U)". Then
dg € CL,,.(Ty, U)'", so §dg = 0. Thus we have

(dg,dg) = (ddg, g) = 0.

This implies dg = 0 by the positive definiteness of ( , ). Thus g € UT.
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