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The present paper aims to discuss the transition from isotropic to distortional hardening behavior of
metallic materials, based on the Homogeneous Anisotropic Hardening (HAH) model. Furthermore, the
effect of yield locus distortion on the evolution of the strain increment, under the assumption of associ-
ated flow, is theoretically discussed and exemplified. Special cases, such as coaxial and orthogonal stress
states, are analyzed to provide better insight into the model. Particular emphasis is put on the monotonic
loading case, which is compared to isotropic hardening. Finally, the evolution equations of the state vari-
ables are examined and their properties are discussed.
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1. Introduction

The materials used in automotive industry are rapidly evolving.
Policy decisions for manufacturing energy efficient products on the
one hand, and continuously increasing requirements on passenger
safety on the other, drive the industry towards using materials
with a high strength-to-weight ratio. This, in turn, spurns the
development of Advanced High Strength Steels (AHSS) as well as
lighter metals such as aluminum and magnesium alloys. The latter
not only exhibit strong initial anisotropy, they are also subject to
significant loading path dependence. Microstructure driven mech-
anisms such as the Bauschinger effect and latent hardening/soften-
ing, thus become important and need to be considered in modeling
these materials.

Distortional hardening models have received attention since
many years, early approaches such as the ones proposed Ortiz
and Popov (1983) and Voyiadjis and Foroozesh (1990) described
a change in the shape of the yield locus with plastic deformation.
A more complex model has been proposed by Kurtyka and
Zyczkowski who considered affine deformation and rotation in
addition to proportional expansion, translation and distortion
(Kurtyka and Zyczkowski, 1996). Another comprehensive model,
including isotropic, kinematic and directional hardening effects
has been proposed in a series of works by Feigenbaum and Dafalias
(2007, 2008) and Dafalias and Feigenbaum (2011) as well as
Aretz (2008). More recently Shutov and Ihlemann suggested a
viscoplasticity approach for the description of distortional
hardening phenomena (Shutov and Ihlemann, 2012). Experimental
analysis of distortional hardening has been published by Phillips
et al. (1972) and more recently in two contributions by Khan
et al., for an aluminium alloy deformed under proportional and
non proportional loading conditions (Khan et al., 2009, 2010).
Subsequently, Pietryga et al. used a finite deformation model to
investigate these effects and discussed their agreement with
experiments (Pietryga et al., 2012).

There have been numerous efforts in modeling the Bauschinger
effect. A comprehensive review can be found in Chaboche (2008).
Modelling approaches for the specific case of sheet forming can
be found in Yoshida et al. (2002), Yoshida and Uemori (2002)
and Yoshida and Uemori (2003). A tensorial description of disloca-
tion structures which evolve with plastic deformation has been
proposed by Teodosiu and Hu (1998). This effect has been also
thoroughly investigated at the crystal plasticity level (see e.g. by
Peeters et al. (2000, 2001), Franz et al. (2009) and Kitayama et al.
(2013)).

The Homogeneous Anisotropic Hardening (HAH) model has
been first proposed in 2011 (Barlat et al., 2011) for capturing
the Bauschinger effect and subsequently extended and revised
to include latent effects (Barlat et al., 2013, 2014). In contrast
to earlier methods, which are mostly based on the concept of
kinematic hardening, the HAH model provides a modular frame-
work for the description of anisotropy, Bauschinger and latent
effects, either independently or combined in an arbitrary manner.
This releases restrictions about the use of particular yield loci or
hardening models on the one hand and enables the extension of
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existing models in order to account for microstructural effects on
the other.

The HAH model has been used in the recent literature in order
to investigate the role of microstructure effects on different pro-
cesses. Lee et al. (2012) used the model to investigate the role of
the Bauschinger effect on springback for U-draw/bending of pre-
strained material. Lee et al. (2012) compared the accuracy of
springback prediction of the HAH model with that of the Chaboche
kinematic hardening model. He et al. (2013) proposed an extension
to the original HAH model able to capture work hardening stagna-
tion and cross-effects, by introducing four new parameters. A
meso-scale simulation approach has been proposed by Ha et al.
(2014) which uses the model in combination to a crystal plasticity
approach in order to investigate the behavior of dual-phase steels.
The effect of continuous versus abrupt strain path change has been
investigated in another contribution by Ha et al. (2014), who also
tested the ability of the model to capture the rate of path change
from plane strain to simple shear. The effect of cyclic loading on
fatigue prediction of low carbon sheet steel has been studied by
Hariharan et al. (2014). Lee et al. introduced a dislocation density
based hardening model into the HAH framework and tested the
results related to springback accuracy. Similarly Lee et al. (2013)
proposed an extension of the quasi-plastic elastic approach by
incorporating nonlinear elasticity effects to improve the accuracy
in springback prediction.

The present contribution primarily aims to discuss, based on the
HAH model, the transition between isotropic and distortional hard-
ening responses in case of non-proportional loading. In addition, it
is rigorously proven, that the response of the HAH model for the
case of proportional loading is strictly identical to that of the clas-
sical anisotropic yield function under isotropic hardening. This is
valid for the general case, including asymmetric yield loci, with
the only restriction being the homogeneity of the stable compo-
nent, as this is a defining property of the HAH model itself. The
proof is achieved through a semi-geometric re-interpretation of
the model, which in turn provides insight into the different model
features and is expected to facilitate the understanding and appli-
cation of the methodology.

2. Interpretation of original HAH model

In this section, the different state variables and coefficients con-
trolling the Bauschinger effect in the HAH approach will be revised
and investigated, in order to provide better insight into the model.
The evolution laws for these variables are reviewed in Section 5.

2.1. Yield condition

The HAH yield condition can be written as follows:

�rqðsÞ ¼ /qðsÞ þ f q
�/

q
�ðsÞ þ f q

þ/
q
þðsÞ ¼ rq

r ð1Þ

where / is any positively homogeneous yield function, s is the
stress deviator, q is a blending exponent and rr is a reference stress
(e.g. uniaxial tensile stress). The state variables fþ and f�

1 enable
the distortion of the yield locus and must stay positive in order to
guarantee convexity of the yield surface. The functions /þ and
/� quantify the strength of load reversal and are defined as follows:

/� ¼ ĥ : s� ĥ : s
��� ������ ���

/þ ¼ ĥ : sþ ĥ : s
��� ������ ��� ð2Þ
1 Note that the notation in Eq. (1) slightly differs from previous publications. The
correspondence is such that f� ¼ f 1 and fþ ¼ f 2 and similarly for the other state
variables.
where the second order tensor ĥ is called the microstructure devi-
ator and captures the loading history of the material. Its initial value
corresponds to the normalized stress deviator at the first plastic
strain increment and subsequently evolves according to the laws
given in Section (5). Furthermore, this quantity is defined in a man-
ner that its size (as measured by the norm x ¼ kxk ¼

ffiffiffiffiffiffiffiffiffiffi
x : x
p

) always
corresponds to 1=

ffiffiffiffi
H
p

. The normalization parameter H simply repre-
sents an arbitrary size and does not influence the model. A normal-
ized version of the stress deviator is also similarly defined:

ŝ ¼ sffiffiffiffiffiffiffiffiffiffiffiffi
Hs : s
p ¼ 1ffiffiffiffi

H
p s
ksk ¼

1
s
ffiffiffiffi
H
p s ð3Þ
2.2. Interpretation of ĥ : s

The central quantity in the formulation is the double dot prod-
uct between the microstructure deviator ĥ and the deviatoric
stress tensor s. Geometrically speaking, this can be interpreted as
the projection of the stress deviator on the axis defined by the
microstructure deviator. This, in turn, provides twofold informa-
tion about the current stress state with respect to the loading
history:

Sign ofĥ : s.

� If ĥ : s > 0 the loading path may have changed direction, but
loading has not been reversed. New slip systems are activated
but none of the already active slip systems are likely working
in the reverse direction.
� If ĥ : s < 0 New slip systems are activated but also some of the

active slip systems are active in the reverse direction.
� If ĥ : s ¼ 0 cross loading. None of the previously active slip sys-

tems are active in the second deformation step.

Size of ĥ : s.
The quantity ĥ : s is also related to the ‘‘angle’’ v between the

two tensors. In fact, by using the definition of the angle between
two tensors, the latter is defined as:

cosv ¼ ĥ : s

kĥkksk
¼

ffiffiffiffi
H
p

s
ĥ : s ¼ Hĥ : ŝ ð4Þ

It is worthwhile to note that the stress deviator can change direc-
tion arbitrarily and even abruptly, whereas the microstructure devi-
ator only evolves progressively, as a function of the plastic work,
and realigns itself along the stress deviator axis. This property of
the model ensures that the yield locus shape remains primarily a
function of the prior deformation history and not of the instanta-
neous stress state. To clarify this point let us assume that ĥ and s
are diagonal and that ĥ : s ¼ 0 at the instant of the load change
(i.e. cross-loading). If there is latent hardening, this change trans-
lates physically by an overshooting of the flow stress with respect
to the monotonic hardening curve. If the new load is such that,
instead of being diagonal, s contains shear components, ĥ : s is still
equal to 0. This means that, at the very moment of the change, the
yield surface is the same for these two cases. However, the actual
material response will depend on the actual stress applied in the
second segment, i.e., with or without shear components. In addi-
tion, the absolute value of the off-diagonal components of h starts
to increase but only gradually because the microstructure does
not change suddenly.

2.3. Interpretation of /þ and /�

The HAH model in (1) is devised in a manner that depending on
the sign of ĥ : s, only one of the functions /þ and /� is active. In
fact it is easily seen in Eq. (2), that the following holds:



N. Manopulo et al. / International Journal of Solids and Structures 56–57 (2015) 11–19 13
/þ ¼
2ĥ : s if ĥ : s P 0
0 if ĥ : s 6 0

(
/� ¼

0 if ĥ : s P 0
�2ĥ : s if ĥ : s 6 0

(
ð5Þ

In case of monotonic loading, /þ is active but, as it is clarified in
Section 2.4, the corresponding state variable fþ is null, thus reduc-
ing the equivalent stress to be equal to the stable yield function
(�r ¼ /ðsÞ). In case of load reversal, /þ is null while /� is active
and the yield stress depends on the value of f�, which has been
evolving during first deformation step. Using these observations,
a more compact notation can be introduced, which will be used
in the rest of this work. In fact, by defining � � sgnðĥ : sÞ, Eq. (1)
can be rewritten as follows:

�rqðsÞ ¼ /qðsÞ þ 2f �jĥ : sj
� �q

¼ rq
r ð6Þ

Furthermore, using the second equality in Eq. (4) results in:

�rqðsÞ ¼ /qðsÞ þ 2f �
sffiffiffiffi
H
p j cosvj

� �q

¼ rq
r ð7Þ
2.4. Interpretation of fþ and f�

In order to derive an expression for the state variables, the
stress states on the stable yield surface s�i (isotropic hardening)
can be compared to the ones on the distorted surface sxd (see
Fig. 1). The notation x (þ=�) here is equivalent to � and is intro-
duced to stress that x and � are not necessarily equal. The expres-
sion for the stable yield locus thus becomes:

�rðs�iÞ ¼ /ðs�iÞ ¼ /ð
ffiffiffiffi
H
p

s�iŝ�iÞ ¼
ffiffiffiffi
H
p

s�i/ðŝ�iÞ ¼ rr ð8Þ

where Eq. (3) as well as the homogeneity of / have been used: sim-
ilarly for the stress point on the distorted surface:

�rðsxdÞ ¼ /qðsxdÞ þ 2f x
sxdffiffiffiffi

H
p j cos vj

� �q� 	1
q

¼ rr ð9Þ

Again, using (3) and the homogeneity of the functions:

�rðsxdÞ ¼
ffiffiffiffi
H
p

sxd/ðŝxdÞ
h iq

þ 2f x
sxdffiffiffiffi

H
p j cos vj

� �q
 �1
q

¼ rr ð10Þ

As both stress points refer to the same reference stress rr , equating
Eqs. (10) and (8) leads to:
Fig. 1. Stress states on the stable and distorted yield loci.
ffiffiffiffi
H
p

s�i/ðŝ�iÞ
h iq

¼
ffiffiffiffi
H
p

sxd/ðŝxdÞ
h iq

þ 2f x
sxdffiffiffiffi

H
p j cosvj

� �q

ð11Þ

Dividing both sides by
ffiffiffiffi
H
p

sxd/ðŝxdÞ
h iq

and reordering the terms,
the following relation for f x is obtained:

f x ¼
H/ðŝxdÞ
2jcosvj

s�i
sxd

/ðŝ�iÞ
/ðŝxdÞ

� �q

� 1

" #1
q

ð12Þ

This relationship is quite general, more useful expressions are
derived in the following for specific cases.

2.4.1. Coaxial stress states
If the considered stress deviators are coaxial with the micro-

structure deviator i.e.,

ŝ�i ¼ �ĥ; ŝxd ¼ xĥ; j cosvj ¼ 1 ð13Þ

substituting into Eq. (12) leads to

f x ¼
H/ðxĥÞ

2
s�i
sxd

/ð�ĥÞ
/ðxĥÞ

 !q

� 1

" #1
q

ð14Þ

Note that Eq. (14) is valid for arbitrary non-symmetric yield loci,
where the quantity /ð�ĥÞ=/ðxĥÞ is a measure for yield locus asym-
metry. If centro-symmetry is assumed Eq. (14) reduces to:

f � ¼
H/ð�ĥÞ

2
s�i
s�d

� �q

� 1
� 	1

q

ð15Þ

By defining the stress ratio between distorted and isotropic harden-
ing yield surfaces as a state variable g� ¼ s�d=s�i, Eq. (15) becomes:

f � ¼
H/ð�ĥÞ

2
1
gq
�
� 1

� 	1
q

ð16Þ
2.4.2. Special cases
In this section the function f � is investigated for the common

cases of uniaxial and balanced biaxial stress states.
Uniaxial tension.
For uniaxial tension with stress rt , the matrix representation of

stress state reads:

½rt � ¼
rt 0 0
0 0 0
0 0 0

2
64

3
75 ½st � ¼

2
3 0 0
0 � 1

3 0
0 0 � 1

3

2
64

3
75rt ð17Þ

Using Eqs. (8) and (13), the yield condition for isotropic hardening
can be expressed as:

�rðstÞ ¼
ffiffiffiffi
H
p
kstk/ð�ĥÞ ¼

ffiffiffiffiffiffiffi
2H
3

r
rt/ð�ĥÞ ¼ rr ð18Þ

Rearranging the last equality:

/ð�ĥÞ ¼
ffiffiffiffiffiffiffi
3

2H

r
rr

rt
ð19Þ

and substituting into (16), leads to

f � ¼
ffiffiffiffiffiffiffi
3H
8

r
rr

rt

1
gq
�
� 1

� 	1
q

ð20Þ

Finally, assuming that the reference stress corresponds to the same
tensile stress (rr ¼ rt), Eq. (20) simplifies to:

f � ¼
ffiffiffiffiffiffiffi
3H
8

r
1
gq
�
� 1

� 	1
q

ð21Þ

This expression corresponds to Eq. (7) in the paper on HAH by Barlat
et al. (2014), although the equation is written incorrectly in the
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cited paper. Furthermore this equation justifies the choice made in
Barlat et al. (2011) to set the parameter H ¼ 8=3, as the vanishing
square root simplifies the expression. Substituting (20) into (7)
demonstrates that the parameter H does not influence the yield
condition, which now becomes:

�rqðsÞ ¼ /qðsÞ þ 1
gq
�
� 1

� 	 ffiffiffi
3
2

r
sj cos vj

 !q

¼ rq
r ð22Þ
2.4.3. Balanced biaxial tension
For balanced biaxial tension, with stress rb the following matrix

representation applies:

½rb� ¼
rb 0 0
0 rb 0
0 0 0

2
64

3
75 ½sb� ¼

1
3 0 0
0 1

3 0
0 0 � 2

3

2
64

3
75rb ð23Þ

This is formally identical to Eq. (17) and leads to the following
expression:

f � ¼
ffiffiffiffiffiffiffi
3H
8

r
rr

rb

1
gq
�
� 1

� 	1
q

ð24Þ

If, in addition, the reference stress is equal to the biaxial stress
(rr ¼ rb) Eq. (21) is recovered.

3. Interpretation of extended HAH model

So far, the properties of the HAH model based on load reversal
only have been analyzed, without taking into consideration cross
loading and latent effects. Furthermore the discussion about the
state variables g3 and g4, used to capture permanent softening,
has been omitted as their interpretation is trivial. This section deals
with the properties of the extended model as proposed in Barlat
et al. (2013, 2014), where two new state variables gL and gS are
included in order to model latent hardening and shrinking effects
respectively. The model postulates that, in case of cross loading
(e.g. in case of two-step tension where the stress deviators of the
two steps are orthogonal), none of the active slip systems stay
active, such that no Bauschinger effect occurs. Similarly cross-
loading is the case in which latent effects are maximized. A stress
state can be decomposed into its components being coaxial and
orthogonal to the previous loading state, represented by the micro-
structure deviator ĥ. Note that this feature of the model allows for
a clear uncoupling of the Bauschinger parameters from the latent
hardening coefficients. In fact, the coefficients for the former can
be identified independently from those of the latter, to capture
either effect exclusively.

3.1. Decomposition of the stress deviator

Analogously to vector algebra, the component of s coaxial to ĥ is
derived as follows:

sc ¼ ksk cosv ĥ

kĥk
¼ s : ĥ

kĥk2
ĥ ¼ Hðĥ : sÞĥ ð25Þ

The orthogonal component can thus be easily calculated by sub-
tracting the coaxial component from the stress deviator.

so ¼ s� sc ð26Þ
3.2. Extended yield condition

The extended yield condition proposed in Barlat et al. (2014) is:

�rqðsÞ ¼ nqðsÞ þ f q
�/

q
�ðsÞ ¼ nqðsÞ þ 2f �jĥ : sj

� �q
¼ rq

r ð27Þ
where the function n is defined as follows:

nðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2 sc þ

1
gL

so

� �
þ /2 kPð1� gSÞ

gL
so

� �s
ð28Þ

with a suggested value of 4 for the parameter kP . Defining the fol-
lowing deviatoric components,

s0 ¼ sc þ
1
gL

so ð29Þ

s00 ¼ kP ½1� gS�
gL

so ð30Þ

and replacing into Eq. (28) an alternative expression for n is
obtained:

n2 ¼ /2ðs0Þ þ /2ðs00Þ ð31Þ

In general gL P 1 and gS 6 1 but when no latent effects exist
(gL ¼ gS ¼ 1), the function nðsÞ reduces to /ðsÞ and the original
model in (6) is recovered. Furthermore, since n is also positively
homogeneous to first degree, Eq. (14) can be re-written for the
extended function:

f x ¼
HnðxĥÞ

2
s�i
sxd

nð�ĥÞ
nðxĥÞ

 !q

� 1

" #1
q

ð32Þ

As a consequence, all cases investigated in Section 2.4 are equally
valid for the extended yield function.

3.3. Coaxial stress states

If the stress state is coaxial with the microstructure deviator, i.e.
so ¼ 0 and s ¼ sc, substituting into Eq. (28) prove that the exten-
sion reduces to the original yield locus

nðscÞ ¼ nðsÞ ¼ /ðsÞ ð33Þ

As mentioned in Sections 2.3 and 2.4, if the stress state is propor-
tional, the products /þfþ and /�f� will be both null. Hence using
Eqs. (27) and (33) it is seen that, for proportional loading, the equal-
ity �r ¼ / is also valid for the extended yield condition.

3.4. Orthogonal stress states

For a stress state orthogonal to the microstructure deviator, i.e.
ĥ : s ¼ 0 or s ¼ so, the application of Eqs. (27) and (28) demon-
strates that, the yield condition does not depend on the state vari-
ables f�; fþ, that is:

�rðsÞ ¼ nðsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

Pð1� gSÞ
2

q
gL

/ðsoÞ ¼ rr ð34Þ

There are many possible states orthogonal to ĥ. For instance those
indicated in Fig. (1), which intersect the stable and distorted yield
surfaces respectively at soi ¼ soi

ffiffiffiffi
H
p

ŝ and sod ¼ sod

ffiffiffiffi
H
p

ŝ. As both
states refer to the same reference stress rr , the equality
nðsodÞ ¼ /ðsoiÞ must hold. Thus replacing into (34) the following is
obtained:ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ k2
Pð1� gSÞ

2
q

gL
sod

ffiffiffiffi
H
p

/ðŝÞ ¼ soi

ffiffiffiffi
H
p

/ðŝÞ ð35Þ

Simplifying and rearranging:

sod

soi
¼ gLffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ k2
Pð1� gSÞ

2
q ð36Þ

If a single load change is considered and no cross-loading contrac-
tion is present (gS ¼ 1) the variable gL is equal to the stress ratio.
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In the absence of latent hardening though, the relationship between
gS and the stress ratio is nonlinear. The reason is that gL is only
active when load change has occurred, as latent hardening results
in an overshoot of the monotonous flow curve. Whereas, in case
of latent contraction the yield stress needs to be already reduced
at the time of load path change and thus gS needs to be active dur-
ing the first deformation as well.

4. Interpretation of yield locus normal

If associative flow is assumed, the yield locus normal is known
to be proportional to the incremental strain tensor. This means, in
turn, that the strain distribution in any plastically deformed area
will directly depend on the yield locus normal. In the presence of
microstructure driven effects, particularly for non proportional
loading, the evolution of the normal is unclear. For distortional
hardening, e.g. with the HAH model, the yield locus shape changes,
leading to variations in its normal. The minimal condition which
needs to be satisfied here, is that distortion does not cause a
change in the normal direction in case of proportional loading.
The latter condition will be demonstrated in the following to hold
for the HAH model and different cases will be discussed.

The expression for the yield surface normal can be obtained by
deriving Eq. (27) with respect to the stress deviator:

@�r
@s
¼ n

�r

� �q�1
@n
@s
þ f q

�
/�
�r

� �q�1
@/�
@s

ð37Þ

Considering the expressions (29)–(31) the partial derivative of n
with respect to the stress deviator takes the form

@n
@s
¼ /ðs0Þ

nðsÞ
@/ðs0Þ
@s0

:
@s0

@s
þ /ðs00Þ

nðsÞ
@/ðs00Þ
@s00

:
@s00

@s
ð38Þ

with

@s0

@s
¼ Hĥ� ĥþ 1

gL
½I4 � Hĥ� ĥ� ð39Þ

@s00

@s
¼ kP ½1� gS�

gL
½I4 � Hĥ� ĥ� ð40Þ

Finally, a simple derivation of the function /�

@/�
@s
¼ 2sgnðĥ : sÞĥ ¼ 2�ĥ ð41Þ

concludes the list of the different terms needed. The appearance of
H in the Eqs. (40) shall not suggest that the normal depends on its
value. This is easily verified by considering the following facts:

� �r is independent of H as demonstrated in Eq. (22).
� since s0 and s00 are independent of H thus n and @n

@s do not depend
on this coefficient either.
� The second term on the right hand side of Eq. (37), features the

quantities f � (contains
ffiffiffiffi
H
p

), /� (contains 1=
ffiffiffiffi
H
p

) and the tensor
@/�
@s (of size 1=

ffiffiffiffi
H
p

). Multiplying this quantities clearly eliminate
the effect of H.

4.1. Proportional loading

As hinted at in Section 2.3, for proportional loading
/� ¼ f�� ¼ 0. Since �r ¼ n Eq. (37) becomes:

@�r
@s
¼ @n
@s

ð42Þ

Furthermore, because gL ¼ 1 during proportional loading and the

stress deviator is coaxial to ĥ, then s0 ¼ sc ¼ s and so ¼ 0. This, in
turn, results in @s0

@s ¼ I4 and s00 ¼ /ðs00Þ ¼ 0, which simplify the
equation for the normal to:
@�r
@s
¼ /ðsÞ

nðsÞ
@/
@s

ð43Þ

Since nðsÞ ¼ /ðsÞ for proportional loading, the final result @�r
@s ¼

@/
@s is

obtained, which proves that the yield surface normal remains equal
to that of isotropic hardening, in case of proportional loading.

4.2. Load reversal

Again, using the coaxiality of s and ĥ and recognizing that for
load reversal � � �, the expression for the yield locus normal can
be written as follows:

@�rðsÞ
@s

¼ /ðsÞ
�rðsÞ

� �q�1
@/ðsÞ
@s

Hĥ� ĥþ 1
gL
ðI4 � Hĥ� ĥÞ

� 	

� 2f q
�

/�ðsÞ
�rðsÞ

� �q�1

ĥ ð44Þ

Defining an auxiliary function jðsÞ as,

jðsÞ ¼ /ðsÞ
�rðsÞ ð45Þ

and remembering that by definition �rq ¼ /q þ /q
� , furthermore

assuming gL ¼ 1 (this would mean that the stress state stayed coax-
ial long enough) Eq. (44) can be written as:

@�rðsÞ
@s

¼ jð Þq�1 @/ðsÞ
@s
� 2f q

� 1� jqð Þ1�
1
qĥ ð46Þ

In case of load reversal (s ¼ �ksk
ffiffiffiffi
H
p

ĥ), j is a ratio independent of
the stress deviator. In fact, by substitution into Eq. (45) leads to:

j ¼ /ð�ksk
ffiffiffiffi
H
p

ĥÞ
�rð�ksk

ffiffiffiffi
H
p

ĥÞ
¼ /ð�ĥÞ

�rð�ĥÞ
ð47Þ

This fact enables the interpretation of the normal under load rever-
sal. It can be recognized from Eq. (46) that the normal of the dis-
torted surface is a linear combination (w.r.t. s) of the normal of its
isotropic counterpart and the tensor ĥ. This means that even if /
is centro-symmetric the normal during load reversal does not corre-
spond to that predicted by isotropic hardening.

4.3. Cross-loading

Similarly, considering cross loading, so ¼ s; sc ¼ 0 and /� ¼ 0,
thus Eqs. (29) and (30) become:

s0 ¼ 1
gL

s ð48Þ

s00 ¼ kP ½1� gS�
gL

s ð49Þ

Substituting the derivatives of these expressions into Eq. (38) and
using the homogeneity of the functions the expression for the yield
locus normal is obtained:

@�rðsoÞ
@s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k2

Pð1� gSÞ
2

q
gL

@/ðsoÞ
@s

ð50Þ

This means that, for cross loading the direction of the normal is pre-
served but its size is stretched depending on the actual values of gL

and gS to ensure work equivalence.

5. State variable evolution equations

The derivation of the evolution equations can be found in previ-
ous publications (i.e. Barlat et al., 2011, 2013, 2014). These are only
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be repeated here for sake of completeness and commented as nec-
essary. As mentioned in the previous sections the state variables
g�; gþ; gL and gS are all related to the ratio between two coaxial
stress points in the distorted and isotropic yield surfaces. Further-
more, the microstructure deviator is a function of its angle with the
current stress deviator. All of these variables are assumed to evolve
as functions of the specific plastic work:

dw ¼ �rd�e ¼ rrd�e ¼ rijdeij ð51Þ
5.1. Evolution of the microstructure deviator

The microstructure deviator ĥ, is initialized as the normalized
stress deviator ŝ corresponding to the first plastic deformation
increment and stays as such, as long as the loading stays propor-
tional. If loading is reversed, the microstructure deviator also
remains unaffected, as it is still coaxial to the stress deviator.
Therefore, ĥ only evolves if j cos vj– 1. Furthermore, the evolution
law must be devised in a manner that ĥ always tends towards the
current normalized stress deviator ŝ or it opposite �ŝ. This is
dictated by the fact that latent and Bauschinger effects are only
transient and the flow stress eventually returns to the monotonic
hardening curve. An evolution equation satisfying these require-
ments can be written as follows:

dĥ
d�e
¼ ksgnðcos vÞ½j cosvj1=R þ gR�ðŝ� cos vĥÞ ð52Þ

where

dgR

d�e
¼ kR k0Rð1� cos2 vÞ � gR

� 
ð53Þ

Note that Eq. (52) corresponds to Eq. (23) in Barlat et al. (2014),
although this expression is not correct in that article. This can be
easily inferred from gR, which is, per definition, size independent
and can be added only to size independent quantities. Thus, the
parameter H appearing in the mentioned paper would violate this
requirement.

Whether the proposed initialization for the tensor ĥ is optimal,
is still an open question. The motivation for the choice made in this
and the previous works is simplicity. On the other hand, how ĥ is
initialized does not sensitively affect the response of the model.
This is because the yield locus shape changes only gradually as a
function of the state variables. Therefore even if ĥ were to be ini-
tialized arbitrarily (e.g. due to initial fluctuation in an FEM compu-
tation), as long as the initial path is not sustained over a
considerable plastic strain range, the state variables will not be
affected considerably. Additionally, once the deformation is stabi-
lized to a particular path, ĥ will relatively quickly adjust itself to
the new stress state, ensuring that only differences in sustained
deformation paths are sensitively reflected to the result. Alterna-
tive initialization strategies, such as the relaxation of the constant
size of ĥ or an increased rotation rate at small plastic strains might
help minimize this effects. These are, however, out of the scope of
the present contribution.

5.2. Evolution of the state variables related to Bauschinger effect and
permanent softening

The Bauschinger effect and permanent softening evolutions
(g�; gþ; gp

� and gp
þ)2 depend on the sign of ĥ : s:
2 Note that for ease of explanation the notation here is chosen to differ from the
previous publications. The correspondence is such that gp

þ ¼ g3 and gp
� ¼ g4. The

upper index p stands for ‘‘permanent softening’’.
If ĥs : s P 0 If ĥs : s < 0
dg�
d�e ¼ k2 k3

�r0
�r � g�

� � dg�
d�e ¼ k1

gp
��g�
g�

� �
dgþ
d�e ¼ k1

gp
þ�gþ
gþ

� �
dgþ
d�e ¼ k2 k3

�r0
�r � gþ

� �
dgp
�

d�e ¼ k5 k4 � gp
�

� � dgp
þ

d�e ¼ k5 k4 � gp
þð Þ

ð54Þ

These evolution laws are designed in a manner to fulfill the follow-
ing conditions:

� All state variables are initialized to 1.0 (g� ¼ gþ ¼
gp
� ¼ gp

þ ¼ 1:0).
� In case of monotonic loading, the state variable representing the

stress states on the same side of the yield locus g� (with

� ¼ sgnðĥ : sÞ) stays identically equal to 1:0. In contrast, the
stress ratio for the opposite side of the yield locus (g��) starts
decreasing asymptotically towards k3ð�r0=�rÞ with a rate con-
trolled by k2. Similarly, for permanent softening, the stress ratio
representing the softening of the opposite side (gp

��) starts
decreasing towards the saturation value of k4 with a rate pre-
scribed by k5.
� If load reversal occurs, � changes sign and the effect described in

the previous bullet item is now valid for the opposite side of the
yield locus. Furthermore, the stress ratio on the same side of the
yield locus (g�), now starts to increase back towards the asymp-
tote value of 1.0 (full recovery) or gp

� (permanent softening)
with a rate prescribed by the parameter k1.

5.3. Evolution of the state variables for latent effects

The state variable gL varies according to:

dgL

d�e
¼ kL

�r� �r0

�r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Lð1� cos2 vÞ þ cos2 v

q
� 1

� �
þ 1� gL

� 	
ð55Þ

In case of proportional loading or load reversal the variable gL stays
at its initial value of 1.0. In fact, substituting cos2 v ¼ 1 in Eq. (55)
leads to dgL=d�� ¼ 0, whereas for cross loading (cosv ¼ 0), gL first
increases up to a maximum value and then decreases asymptoti-
cally towards 1.0, with a rate depending on the parameter kL.

The state variable gS instead is given as follows:

dgS

d�e
¼ kS 1þ ðS� 1Þ cos2 v� gS

� 
ð56Þ

It is worth noting that gS is already active during proportional load-
ing. In fact, substituting cos2 v ¼ 1 in Eq. (56) it is observed that gS

asymptotically decreases to the value S with a rate given by kS. For
cross-loading (cosv ¼ 0), gS asymptotes to 1.0, again with a rate pre-
scribed by kS.

Initial values for all the state variables are given in Table 1 and
Table 2 summarizes suggested values for the model coefficients.
5.4. Limit cases

Irrespective of the material history, the HAH model converges
to a steady state, if the last deformation path remains unchanged
sufficiently long. This can be inferred by taking the limit of the evo-
lution equations with �e!1. In fact, as previously mentioned,
these laws represent a saturation by design, meaning that

lim
�e!1

@R
@�e
¼ 0 ð57Þ

for all state variables R. Furthermore if no permanent softening is
present this state corresponds to the isotropic hardening response.



Table 1
State variable initial values.

Variable g1 g2 g3 g4 gL gS gR ĥ

Initial value 1.0 1.0 1.0 1.0 1.0 1.0 0 ŝ at first plastic increment

Table 2
Suggested and typical values for HAH model parameters.

Coefficients Suggested Typicala Remark

Hb
Controls the size of ĥ

q 2 Yield surface curvature
k1 20.–200. Bauschinger effect
k2 10.–100.
k3 0.1–1.
k4 0.8–1. Permanent softening
k5 1.–10.
L 1.–2. Latent hardening
kL 100.–500.
S 0.4–1. Cross-loading contraction
kS 5.–50.
kP 4
k 15.–150. Evolution of ĥ
R 5
kR 15
k0R 0.2

a Only meant as a suggestion. The actual value may lie outside this range.
b The value of H does not influence the model.

Table 3
Isotropic hardening parameters according to Hockett–Sherby model.

A B M n

346.0 920.0 3.15 0.55

Table 4
Parameters for Yld2000-2d model used as stable yield function in HAH model.

a1 a2 a3 a4

0.486516 1.378348 0.753647 1.024595

a5 a6 a7 a8

1.036274 0.903645 1.232146 1.485802
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6. Examples

The theoretical results demonstrated in the previous sections
are exemplified in this section.
6.1. Material properties

The deformation of a hypothetical material, with constitutive
coefficients depicted in this section is considered for this purpose,
in order to accentuate the different effects such as anisotropy and
distortional hardening.
6.1.1. Isotropic hardening
The material is assumed to harden according to the Hockett–

Sherby law which reads:

rr ¼ B� ðB� AÞ expð�M�enÞ ð58Þ

The corresponding parameters are given in Table 3.
6.1.2. Yield locus
A Yld2000-2d model (see Barlat et al., 2003 for the model

details) has been used as the stable yield function (/) using a yield
locus exponent a ¼ 8 and the anisotropy parameters (a1�8) listed in
Table 4. The HAH model parameters are summarized in Table 5.
Table 5
HAH model parameters.

Exp. Evolution of ĥ Bauschinger

q k R kR k0R k1 k2 k3

2 20 5 15 0.2 150 75 0.9
6.2. Results

Two load cases are considered in order to analyze the states dis-
cussed in this article. The first case consists of 10% prestrain in uni-
axial tension followed by uniaxial compression, both in rolling
direction (RD). In the second case, plane strain tension in the RD
is followed the uniaxial tension in transverse direction (TD).

6.2.1. Hardening behavior
Fig. 2 depicts the hardening behavior predicted by the men-

tioned HAH model for load reversal. It can be recognized in
Fig. 2(a) that, after reversal the yield stress is considerably lower
than the unloading flow stress. However, it recovers the monotonic
curve with continued straining. For cross loading, the load change
results in a stress overshoot due to latent hardening, which how-
ever vanishes with increasing strain (see Fig. 2(b)).

6.2.2. Yield locus shape
The evolution of the yield loci, represented in the p-plane, can

be seen in Fig. 3. For load reversal, the region opposite to the direc-
tion of the stress tensor is distorted, whereas the region around the
active stress state remains intact. The whole yield locus is, further-
more, enlarged due to isotropic hardening. In Fig. 3(b) the com-
bined effect of latent hardening and cross loading contraction
can be observed. In fact, right after plane strain loading, the yield
locus is contracted in the direction orthogonal to this loading. Right
at load reversal, however, latent hardening gets activated, which
quickly compensates for the contraction and even generates an
overshoot with respect to proportional loading (see 12:5% curve
in Fig. 2(b)). After continued straining, the microstructure deviator
tends to realign itself with the stress deviator corresponding to
uniaxial tension in the TD, leading the yield locus to return on
the isotropic hardening response near this stress state.

6.2.3. Evolution of R-values
The Lankford coefficient or R-value, the width-to-thickness

strain ratio in uniaxial tension, is an indicator of the evolution of
the yield locus normal. Inspecting Fig. 4 immediately indicates that
the HAH model causes abrupt changes in the R-value after a load
change. This consequently demonstrates that, substantial changes
in the strain distribution should be expected in case of non-propor-
tional loading. Although it is known that the R-value does not stay
constant after a load change, it is still necessary to verify whether
effect Latent effects

k4 k5 L kL S kS kP

1 1 1.6 350 0.8 60 4



Fig. 2. Hardening behavior.

Fig. 3. Yield locus shape.

Fig. 4. R-Value evolution.
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this change is abrupt or gradual. In both loading cases investigated,
it can be observed that the R-value eventually returns to the mono-
tonic values. This demonstrates that the model is conservative in
the sense that if the stress state remains proportional for a suffi-
ciently large strain, it will behave like monotonic loading, irrespec-
tive of the previous loading history.

7. Conclusions

The present article provides a thorough discussion of the HAH
model proposed and extended in Barlat et al. (2011), Barlat et al.
(2013) and Barlat et al. (2014). The different aspects of the model
are analytically discussed in order to improve the understanding
of the model and facilitate its use. In particular the following con-
clusions can be drawn:

� The HAH approach is a modular framework, which allows the
modeling of anisotropy, Bauschinger effect, latent hardening
and cross-loading contraction. These effects are completely
uncoupled from each other and can be modeled separately or
combined arbitrarily with the corresponding variables.
� It is demonstrated that the model preserves the same flow

stress and yield surface normal as that predicted with isotropic
hardening, in the case of proportional loading. This is, however,
not the case for load reversal or cross-loading. In fact, it can be
seen from the development of the R-value, that during transient
Bauschinger effect or latent hardening/softening, this value
fluctuates quite strongly. This, in turn, implies that the strain
distribution must differ substantially depending on the harden-
ing assumption (HAH or isotropic) after load change.
� It is proven that the HAH response always tends towards that of

isotropic hardening, no matter how complex the previous
deformation history is, if the final loading is sustained suffi-
ciently long, except in the case of permanent softening.
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