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Perturbation-minimized triangular bunch for high-transformer ratio using
a double dogleg emittance exchange beam line
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The longitudinal shape, i.e., the current profile, of an electron bunch determines the transformer ratio in a
collinear wakefield accelerator and thus methods are sought to control the longitudinal bunch shape. The
emittance exchange (EEX) appears to be promising for creating a precisely controlled longitudinal bunch
shapes. The longitudinal shape is perturbed by two sources: higher-order terms in the beam line optics and
collective effects and these perturbations can lead to a significant drop of the transformer ratio. In this paper,
we analytically and numerically investigate the perturbation to an ideal triangular longitudinal bunch shape

and propose methods to minimize it.
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I. INTRODUCTION

Methods for shaping the profile of an electron bunch in
transverse phase space have long been available to the
accelerator designer. However, methods for controlling
the longitudinal phase space are scarce. Manipulation of
the former is relatively straightforward since the transverse
coordinates of the bunch (position and angle) can be
directly manipulated with simple elements, such as mag-
netic quadrupoles and transverse masks. On the other hand,
direct manipulation of the electron bunch longitudinal
coordinates (position and momentum) is not as easily
achieved. While the control of the momentum can be
accomplished with an accelerating cavity, direct control
over the longitudinal position is challenging for ultrashort
electron bunches on the femtosecond to picosecond scale.

At the Argonne Wakefield Accelerator (AWA), we are
developing a longitudinal bunch shaping (LBS) beam line
we call the mask + EEX method where a transverse mask is
placed at the entrance to an emittance exchange (EEX)
beam line. The mask is used to select the transverse bunch
profile from the incident bunch at the entrance to the EEX
beam line. The EEX beam line transforms the transverse
bunch properties at its entrance into longitudinal bunch
properties at its exit [1-3]. In principle, this method can
generate a wide variety of extremely high-quality longi-
tudinal bunch shapes. For example, this method can be used
to improve the efficiency of DWFA and PWFA [4] by
flattening the wakefield inside the bunch. Also, it has
previously been used to generate a sub-ps bunch train [5].
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The application we concentrate on in this paper is the
collinear wakefield accelerator where a high-charge electron
drive bunch excites wakefields in a high-impedance media
(e.g. dielectric structures and plasma), which, in turn accel-
erates a low-charge electron witness bunch trailing behind on
axis to higher energy [6]. While we focus on the collinear
wakefield accelerator, since it directly bears on our research
program, most of the results in this paper are relevant to
applications requiring precise longitudinal bunch shapes.

In the collinear wakefield accelerator application, a
primary figure of merit is the transformer ratio (R) defined
as the ratio of the maximum accelerating field (E,)
experienced by the witness bunch to the maximum decel-
erating field (E,;) experienced by the drive bunch,
R = |E,/E,|. Therefore, the energy gained by the witness
bunch is RAW, where AW is the energy lost by the drive
bunch. A high transformer ratio gives the accelerator
designer a convenient way of generating a high-energy
witness bunch from a low-energy drive bunch. Also,
according to the fundamental wakefield theorem, the
transformer ratio has an upper limit of 2 for symmetric
longitudinal current profiles [7]. However, this upper limit
can be overcome with either asymmetric bunch trains (e.g.,
the ramped bunch train [8]) or an asymmetric single bunch
profile (e.g. a triangular current profile [7]).

In this paper, we use the particle tracking simulation code
GPT [9] to numerically examine the efficacy of our LBS beam
line (the mask + EEX method) in generating triangular
longitudinal bunch shapes for generating a high transformer
ratio in the collinear wakefield accelerator application. We
begin, in Sec. II, with an analysis of the ideal case in which
perturbations from higher-order terms in the beam line optics
and collective effects are ignored. Our goal in this section is
to develop an intuitive understanding about the exchange
process and to obtain the equation for generating an exact
triangular current profile. Next, in Sec. III, we extend our
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analysis to the realistic case and derive analytic expressions
for each perturbation source that had been ignored in Sec. II.
In Sec. 1V, we first describe the distortion of the ideal shape
caused by each perturbation source. Second, to quantify each
perturbation source, we define, as our figure of merit, the ratio
of the change of the transformer ratio produced by the
perturbed triangular profile to the exact one, AR/R =
(R, —R,)/R,, where R, = the transformer ratio produced
by the perturbed bunch and R, = the transformer ratio pro-
duced by the exact bunch. Finally, in Sec. V, we conclude the
paper by benchmarking our analytic perturbation approach
(Secs. IIT and IV) with numerical simulations (GPT) and
evaluate two methods to suppress the perturbations.

II. LONGITUDINAL BUNCH SHAPING
BEAM LINE (IDEAL CASE)

While various beam line configurations are capable of
satisfying the emittance exchange condition [10], we chose
to use a double dogleg EEX beam line throughout this
paper [2,3]. In this section, we show that our LBS beam line
(mask + EEX based) can generate an exact triangular shape
in the limit of the ideal case where higher-order optics in the
EEX beam line are ignored and all collective effects are
considered negligible [11].

A. LBS (mask + EEX based) beam line

We begin by writing down the transfer matrices for the
EEX beam line. In our analysis, the double dogleg EEX
beam line (Fig. 1) is subdivided into three sub—beam lines,
“DLI1 4 TDC + DL2,” where DLI is the first dogleg and
DL2 is the second dogleg. [Notice that Fig. 1 includes a
fundamental mode accelerating cavity (FMC) to eliminate
the so-called “thick lens effect” of the transverse deflecting
cavity (TDC) [12]. It is ignored in this section but is
included in the figure since it will be used in later sections
of the paper.] We define X,, = (x,,, Xi» Zpn» O,n)” to be the
4D particle coordinates along the beam line (Fig. 1).

In the LBS beam line, a transverse mask is followed by a
double dogleg EEX beam line. B1-B4 are rectangular dipole
magnets, TDC is a transverse deflecting cavity, and FMC is a
fundamental mode cavity used to suppress the thick-lens
effect. We reference particle coordinates at four locations.

Each dogleg consists of two rectangular dipole magnets
of bending angle a; and length Lp, separated by a drift of
length Lp; ; with transfer matrix,

’
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where L, = 2Lg/ cos(e;) + Lpp;/cos*(a;), ;=

2Lg[cos(a;) — 1]/ sin(e;) cos(a;) — Lpp; sin(a;)/cos?(a;)
and & = Lpy ;sin®(a;)/cos?(a;) +2Lg/ cos(a;) — 2Lga;/
sin(a;) [1,13]. The parameters #; and &; are, respectively,
the dispersion and momentum compaction generated by
each dogleg. The subscripts {i = 1,2} are used since, in
general, the two doglegs can be different. The transverse
deflecting cavity of kick strength x in the thin-lens
approximation [1] is described by

Mrpc =

A O O =
o O = O
S = A O
- o o O

where k = 2neV | /AE, where E is the electron bunch
kinetic energy, A is the rf wavelength, and V| is the
cavity’s transverse voltage. Including the two drifts
before and after the TDC (Lp, Fig. 1), the total transfer
matrix of the EEX beam line is given by Mggpx =
Mpi-MpMppcMpMp, where M, is the transfer matrix
of a drift of length Lp.

The exact emittance exchange condition is given by [2]

Xf X0

x_’f _ <0 B> X 3)
zy cC 0/)]z |
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where B and C are 2 x 2 submatrices.
Equation (3) is equivalent to the following two equa-

tions:
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The longitudinal bunch shaping (LBS) beam line is based on the mask + EEX method.
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Therefore, we can say that the EEX beam line eliminates
the dependence of the final horizontal (longitudinal)
|

)Cf O O
x} - 0 0
4 k& 4+ k& (L) + Lp)

5f K K'(Ll +LD)

Details of how the EEX beam line works and why the
EEX requires two identical doglegs are described in
Appendix A. We remind the reader that when the two
doglegs are the same, as is usually the case, the subscript i
can be dropped from Eq. (6). In summary, the momentum
exchange occurs in the first section of the beam line
(DL1 4+ TDC) and the position exchange occurs in the
second (TDC + DL2) and the entire beam line is needed to
complete the total exchange.

B. The bunch shaping equation

For the longitudinal bunch shaping application that we
are interested in, the key point is that all of the downstream
longitudinal properties (z7, 6) are completely governed by
the upstream horizontal properties (xg.x;). Thus, if one
can control the horizontal properties upstream of the EEX
beam line, then the downstream longitudinal properties are
determined. Using the matrix of Eq. (6), we can write the
bunch shaping equation for the idealized case, where the
final longitudinal position of a particle is given by its initial
horizontal position and angle as

2y = Kk&xxg + {m 4+ &> (Ly + Lp) }x. )

Using TRANSPORT notation, the two terms of the 6D
EEX matrix that control the longitudinal bunch shape are
R51 = k&, and R52 =, + k& (L + Lp).

The relationship given by Eq. (7) is not yet in a form that
makes it easy to use for longitudinal bunch shaping since
the final longitudinal position (z;) depends on both initial
transverse coordinates (xo,x;). Ideally, we are seeking a
relationship in which the final longitudinal position (zy)
depends only on the initial position (x;) since that can be
easily controlled with the transverse mask. Fortunately, the
dependence of z; on x{, can be eliminated from Eq. (7)
because the relationship between x; and x, can be
expressed in linear theory as S = x{/xo, where S is a
constant. We can now rewrite the above equation as

K'(L2 + LD)

coordinates from the initial horizontal (longitudinal)
coordinates.

At the end of the EEX beam line, the full exchange
between the horizontal and the longitudinal phase space is
complete as can be seen from the zero off-diagonal blocks
in Mgy below,

m +x& (Ly + Lp) X0
/
’(C)fl X0 (6)
20
0 5
2y = Coxo, (8)

where the coefficient is Co=[x&,+S{n,+x&(Li+Lp)}.

We finally have an easy to use longitudinal bunch shaping
equation for our LBS beam line (the mask + EEX based
method) in Eq. (8): the final longitudinal position depends
only on the product of a coefficient and the initial horizontal
position. Equation (8) means that the final current profile is a
simple linear transformation of the initial horizontal profile.
Figure 2 shows several examples with the coefficient (Cy) set
to 0.5. At the top of the figure, a Gaussian transverse profile is
transformed into a Gaussian longitudinal profile with its
length compressed by a factor of 2 since Cy = 0.5. In the
second row, a three-particle model is used to visualize the
linear transformation of particles with initial horizontal
position {x;, x,, x3} linearly transformed into its final longi-
tudinal positions, {z;, 2, z3} where the initial separation (A)
between the particles is a factor of 2 less than the final
separation (A /2). The other examples in the figure show that
when a distribution is transformed its length is compressed
by the same factor of 2, but the area of the distribution is the
same since the charge of the distribution is conserved.

One concern that may be raised is that the sharp features
at the ends of the horizontal distribution (Fig. 2) may not
properly propagate through the EEX beam line thus
negatively affecting the final longitudinal shape. We note
that the sharp features created by the mask have been
simulated and found to be negligible in many publications
[11,14,15]. Our GPT simulations also confirm that these
are negligible and even our experiment showed that there is
no issue with beam transport of the sharp feature, at least to
the levels that we are capable of simulating and measuring
[16]. Therefore, in the following formal analysis, the sharp
features are neglected.

In summary, we have shown in this section that our LBS
beam line (using the mask + EEX layout) can generate
perfectly shaped, arbitrary current profiles in the limit of the
ideal case (negligible higher-order optics in the EEX beam
line, negligible collective effects, low emittance, and linear
phase space). For completeness, we note that the final
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FIG. 2. The mask is used to produce the initial x-distribution after the mask (left) and the ideal EEX beam line linearly transforms this
initial x-distribution to produce the final z-distribution (right). In the four examples shown, the coefficient (Cy) in Eq. (8) x is equal to 0.5
(i.e. zy = 0.5x;) so that the separation (A) between the particles (top) and beamlets (second from top) is reduced by a factor of 2 (A /2).

horizontal properties (x;,x;) are governed by the initial
longitudinal properties (z, §y) but since the focus of this
paper is longitudinal bunch shaping we do not cover this
aspect.

C. Limitations of the ideal case

To motivate the analysis in the rest of this paper, we
briefly compare the quality of the triangular current profile
generated in the ideal case [Eq. (8)] with the realistic EEX
beam line based on GPT simulations that includes finite
emittance, thickness of TDC, higher-order optics, space
charge (SC), and 1D coherent synchrotron radiation (CSR)
[17]. Our comparison does not directly compare the quality
of the two triangular current profiles since this cannot be
quantified with a single number. Instead, we use the figure
of merit the ratio of the change of the transformer ratio
generated in the ideal case to the realistic one, or AR/R.
Our comparison is based on the fact that the transformer
ratio depends on the quality of the triangular current profile.
The transformer ratio produced by an exact triangular
current profile is R = zN [7], where N is the ratio of
the bunch length to the wavelength of the wakefield.
However, if the current profile is not exactly triangular
then the transformer ratio will usually be less than this
value, R < zN, thus we have a method of comparison that
can be quantified. Unfortunately, using an R-based figure
of merit has one drawback: there are some nearly triangular
shapes where R exceeds that of a triangle (e.g. a paraboli-
cally rising shape [18]). After considering the alternatives,
we decided that using R was still the best choice and we
will point out in the paper where difficulties occur.

Comparison of the two transformer ratios is based
on a single mode wakefield with N =3 (final bunch
length = 34, where A is the wavelength of the fundamental
mode wakefield) thus R = 37 ~ 9.4 in the ideal case. In
both the ideal case and the realistic case, GPT was used to
generate the beam distribution at the entrance to the mask.

For the ideal case, the initial distribution from GPT,
which was Gaussian in the transverse dimension before the
mask, was propagated through mask and then through
the EEX beam line using the linear matrix above, Eq. (6).
The final longitudinal bunch shape is expected to be an
exact triangle [based Eq. (8) and Fig. 2] with N = 3, so R
should not have any dependence on the initial beam
condition. The plot on the left of Fig. 3 is in good
agreement with the expectation, where R =~ 9 for a wide
range of the Courant-Snyder parameters, alpha and beta.

For the realistic case, the initial distribution from GPT was
again propagated through mask and then through the EEX
beam line using GPT. The plot on the right of Fig. 3 shows a
clear dependency on the initial Courant-Snyder parameters.
Except for the region around alpha of 10 and beta of 150 m,
the transformer ratio drops significantly from its peak value
(R =~ 9) by as much as 50% for alpha near —10.

The discrepancy in R between the ideal case and the
realistic case (Fig. 3) shows that perturbations to the
exact triangle arise from higher-order optics in the EEX
beam line, SC and CSR effects, all which serve to degrade
the quality of the triangular current profile. The remainder of
this paper will analyze these perturbations and examine
methods to suppress them in order to produce a high-
quality triangular current profile and, therefore, a high
transformer ratio.
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The transformer ratio of the triangular current profile as a function of the Courant-Snyder parameters at the entrance of an

emittance exchange beam line calculated by the linear matrix beam transport (left) and GPT simulation (right).

ITII. PERTURBATION SOURCES

In this section, we present an analysis of the EEX beam
line that extends the beam dynamics to include perturba-
tions. Studies of first-order perturbation source [3,11] and
reduction of the first-order effects with sextupoles have
been discussed before [15]. Here we include the second-
order perturbations and the collective effects from SC
and CSR.

First-order perturbations arise from two sources in the
EEX beam line: finite emittance coupled with nonzero R52
and the thick lens effect in the TDC. The effect due to the
finite thickness of the TDC is included by replacing the
TDC transfer matrix [1] of Eq. (2) with

1 L. %K 0
0 1 K 0

Mrpc = 00 1 ol )
K %K %Kz 1

where L. is the length of the TDC. Note that when L, = 0
we recover the thin-lens TDC matrix [Eq. (2)] and the first-
order perturbation source is absent.

The first-order perturbation from finite emittance is
typically not very large since rf photoinjectors are capable
of producing very low emittance beams. As long as R52 x
Ax' < 10% of the ideal bunch length then transformer ratio
error is negligible. This condition applies for the study we
present in this paper. In Ref. [15], the perturbation due to
R52 was eliminated by using quadrupoles placed between
the mask and DL1 to make R52 = 0. We do not take this
approach, of eliminating R52, since we are focused on
studying the limitations of longitudinal bunch shaping with
an elementary EEX beam line.

In the remainder of this section we assume identical
doglegs and drop the subscript i in Eq. (1).

A. Second-order beam dynamics

Using TRANSPORT notation [19], the initial 6D particle
coordinate is given by X = (x,x,y,y,z,6)7, and the

propagation through the beam line from position “0” to
“1” up to second order is given by

Xn(1) = Ryn(0)X,(0)+ Y T,m(0)X,(0)X,(0) ~ (10)

where R is the linear transfer matrix, and 7 is the second-
order transfer matrix, m,n,l = (1...6). In the EEX beam
line, the first-order terms (R,,) generate the idealized
bunch shape (as described in Sec. II) while the second-
order terms (7,,;) generate perturbations to the ideal
triangular shape. Third and higher-order terms are not
included in Eq. (10) since the simulations done in [15]
indicate their effects are negligible for the case in this paper.
In general, if the third-order terms are less than 5% of ideal
bunch length then its effect is negligible which holds in
this paper.

The second-order terms arising from the TDC are
negligible since 4 > o, where o, is the rms bunch length.
The transfer matrix expressions for the dogleg up to second
order were derived from the transfer matrices from the drift
and the rectangular dipole magnet. Among the total 126
possible second-order terms in the second-order matrix
(T 1), a rectangular dipole magnet and drift have only a
few nonzero second-order terms [20] resulting in 25 sec-
ond-order terms. Equation (10) for the beam transport
through DL1 which is found to be

X1 = Xp + LX(/) + 7]50 -+ T122x62 -+ T126X650 + T133y(2)

+ T134Y05% + T1a4YG + T16655 (11)
Xy = x4 4 Ta33Y% + Ta3ay0Yh + T24aY (12)

Y1 = Ra3yo + Rasyg + T313%0Y0 + T303%0Y0
+ T304%0Y0 + T336Y000 + T346Y000- (13)

V1 = Ruyzyo + Rusyy + Taraxoyy + Ta3X0Y0
+ Tapaxyo + Ta36Y000 + Ta46Y000- (14)
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TABLE I

Second-order terms affecting the longitudinal bunch shape and its related particle coordinates. R and T are the first- and

second-order matrix elements of the dogleg. These coefficients correspond to the EEX beam line in Fig. 1.

Coordinates Coefficient = {DL2} + {DL1}

x3 Cy = {Tsesx’} + {0}

XoX{) C, = {2T566K2 (L +Lp+ %)} + {0}

G Ciy= {T566K2 (L +Lp+ %)2} + {T2x&}

2 C, = {T522’<2 + TspsL 26> + T566LT%K4} +{0}

2080 Cs = {27‘522’89E + Tsa6L o K*E + Tsgs LT'ZK45} + {0}

& Cs = {Tszzszz + Tsp6 L 263 E* + T'seg LT%K4-§2} + {T166K5 + T566%K2§}

X0%0 Cy = {Ts5p6k” + TseL ok} + {0}

X020 Cs = {T526K2 (L +Lp+ %) + TseL oK (L +Lp+ L?) } +1{0}

XoBo Co = {Tsp6k*¢ + L Ts6k”¢} + {0}

x50 Cp= {T526K2§ (L +Lp+ %) + T566LCK3§(L +Lp+ L?)} + {leskf + Tsp6 %Kzf}

Y5 Cii = {Ts33(Rs3 + 2(Lc + Lp)Raz)* + Ts34Ruz(Raz + 2(Le + Lp)Ry3) + TssaR33}
+ {T233’I + T33x& + T's33 %Kzf}

YoYo Ci2 = {Ts533(R33 + 2(Lc + Lp)Ry3)(R3s + 2(Le + Lp)Ras) + 2T 544 R43R44

+ Ts534(R33Rag + R3gRy3 +4(L + Lp)RazRas) } + {T234(’7 + Lok&) + T134x& + Tszq %Kzf}
3 Ci3 = {Ts33(Rss + 2(Lc + Lp)Ras)* + Ts34Ras(Rag + 2(Le + Lyg)Ras) + TsasR3y}
+ {T244('7 + Lok€) + T144xé + T544%K25}

21 = nxg + 20 + E80 + Tspx§ + Tsaexodo + Ts33)

+ Ts340Y0 + Tsaay + Ts6655 (15)

(16)

The identical expression holds for the transport through
DL2 if we replace 0 — 2 and 1 — f (Fig. 1).

The expression for the complete EEX beam line (Fig. 1)
was derived using the expressions for the doglegs
[Egs. (11)—(16)], the drifts (Lp), and the TDC [Eq. (9)]
and the terms are summarized in Table 1. Using Eq. (7) for
the linear terms and the results of this section, we can write
out Eq. (10) explicitly as follows:

2y = kExxy + mox| + E,8) + C1xf 4 Coxoxfy + Csxf
+ C4z(2) + Cs5z06¢ + C65(2) + Cyx020
+ Cygxpzo + CoxoSy + Ciox(00 + C11¥3
+ Croyo¥p + C13)6 - (17)

The coefficients of the second-order terms (C; through
Cy3) in the equation correspond to the terms in each row
of Table I. For example, we can see from Table I, row 3,
that C3 = T566K2(L + LD =+ ch)z + T122K§. Note the

numerical values of all second-order terms (7,,,;) have
been calculated but are not shown in the paper since the
calculation is tedious and not illuminating.

We propose a simple method to suppress the second-
order perturbation sources based on the results presented in
Table I. In general, sextupoles are used to control second-
order terms, as in Ref. [15], where their simulation results
showed that two sextupoles placed in DL2 almost perfectly
suppressed the second-order effects. However, we suggest
a new method that we call the slope-control method, which
is a special case of the general Courant-Snyder parameter
optimization, but limited to adjusting only the horizontal,
vertical, and longitudinal slopes of the incoming electron
beam. The transverse slopes can be adjusted using quadru-
poles in front of the EEX beam line while the longitudinal
slope (or “chirp”) can be adjusted with the linac. In this
way, second-order effects are suppressed in the EEX beam
line without nonlinear elements. This method potentially
reduces the tight alignment tolerances typically associated
with sextupoles. The slope-control method is the main
interest of the paper. It will be described in detail in Sec. V
and verified using the particle tracking simulation code
GPT [9].

Another method for suppressing the second-order per-
turbation sources is to modify the EEX beam line. One
modification is to insert sextupoles into the EEX beam line
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to control the second-order terms (e.g. Tsqq of C; in
Table I). A second way to modify the EEX beam line to
reduce the second-order effects is to optimize the basic
EEX beam line to reduce the linear parameters that appear
in the second-order terms (e.g. ¥ of C; in Table I). Since
most of the terms in Table I include the parameter k2, which
can be reduced by increasing the bending angle () and the
drift length (Lp; ), large a and Lp; can reduce the second-
order terms (via reduction of the first-order parameter). On
the other hand, this would increase the second-order
coefficient (e.g. Tsq) from the dogleg and CSR. In
conclusion, this method involves a complicated trade-off
between first- and second-order terms and the overall beam
line parameters must be optimized. However, the focus of
this paper is on the slope-control method and, therefore,
this idea will be investigated in our future work.

B. Collective effects

Collective effects distort the final longitudinal bunch
shape primarily through longitudinal collective forces
creating first-order changes to the particle coordinates.
Numerical simulations with GPT show that the longitudinal
space-charge force dominates over the transverse one. In
addition, numerical 3D CSR simulation [21] as well as 1D
CSR simulations indicate that transverse CSR is negligible.
Therefore, we ignore transverse collective forces in this
subsection and the remainder of the paper.

The collective forces generate an integrated momentum
kick, A9, as the bunch propagates along the beam line.
Writing the unperturbed longitudinal momentum as, J, then
we define the perturbed one as §™% = § 4+ Aé. In discus-
sing the change to other coordinates (than 6) it is useful to
divide the LBS beam line into two regions: one where the
dispersion is constant and one where it is not; this is
explained in detail below.

The regions of the LBS beam line (Fig. 1) where the
dispersion is constant are (1) the drift region between the
mask and DL.1 (# = 0) and (2) the region between the two
doglegs (n = constant). In these regions, the collective
effects only alter the longitudinal momentum coordinate
leaving the other five coordinates unchanged (to first
order). Here we define the integrated momentum kick
generated by collective effects at the end of first region as,
AST™™ and at the end of the second as, A& ™.
Referring to Fig. 1, these momentum kicks are added to
the unperturbed values of &, and 6,,

51’16W — 5 + Aénzconst’
{ 0 0 : (18)

53ew =5, +A 5g:const.

Note that the magnitudes of these momentum changes
depend on the length of the drift, the bunch length, the
bunch charge, and the longitudinal bunch shape at each
position. We now consider the impact of these two terms on

zy. The top term in Eq. (18) (5;°") is easy to handle since its
contribution to the final bunch length is canceled by the
TDC condition, 14k =0. On the other hand, 65"
propagates through DL2 without being canceled [see the
dogleg matrix of Eq. (1)] and contributes a perturbation to
z; with the coefficient &, (i.e. Azy = &A8) ™).

In the region where dispersion is not constant, the
collective forces act directly on the longitudinal momentum
coordinate to generate an integrated momentum kick at
the end of the doglegs (AST,™") and (AST,S™), similar
to above, and indirectly on the position coordinates,
(x"Y = x 4+ Ax) and (z"V = z + Az). The regions of the
LBS beam line where the dispersion is not constant are
the two doglegs. The indirect effect happens because the
momentum kick (A is coupled to the position coordinates
through the matrix elements of the dogleg: R16 = 7 and
R56 = £ respectively, as can be seen from Eq. (1). In
general, this means that the perturbation to z in the doglegs
is due to all three coordinates {x, z, 5}.

The horizontal offset at the end of DLI, Ax;, is not
simply 77 ASE™ where (81°Y = 8, + AST™) since the
momentum kick and the dispersion are changing inside
the dogleg. The offset, Ax;, at the end of the dogleg is
calculated as the accumulation of the infinitesimal offsets
(dx) along the dogleg,

Ax; = 3 dx(s) = S n(s)dsE™(s). (19)

where s is the distance along the dogleg. Therefore, we
can write

Axy m ot ASTE™, (20)

where 77* is defined as the effective dispersion of the dogleg.
Note that the horizontal offset due to this effective
dispersion is always less than that due to the dogleg’s

final dispersion (i.e. Ax; < nASES™). This is because the
5;1;éconst) is

momentum kick due to the collective force (Adpy;
zero at the beginning of the dogleg and does not reach its
final value until the end of the dogleg and therefore the
effective dispersion is between 0 and 7 or {0 < * < n}.
The perturbation in z; due to the collective effect in DL1
can now be calculated by tracking the new coordinates from
the end of DL1, XJ% = (xJ¥, x|, 21*%, §1°V)7, to the end of
the first-order EEX beam line (Sec. II). In the absence of
collective effects, x; does not contribute on z; because it is
canceled by the exchange condition, but now the offset
(Ax;) experiences a different “effective dispersion” (")
which cannot be fully canceled by the exchange condition.
Note that it is not necessary to write an expression for z{
since z does not change due to the exchange condition.
Finally, the perturbation to z; caused by collective effects in

DL1 is given by Az; = & (1 + k) A8, ™. Note that since
{0<n* <n}then 0 < 1+4xy* <1.
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The perturbation to z; in DL2 is only due to the R56 =
&, in DL2 and the momentum kick generated inside DL2
(ASTS™). Therefore, the perturbation to zy caused by the
collective effects in DL2 is given by &A™ where & is
the effective momentum compaction factor that is always
smaller than &, similar to the value of #* above.

Therefore, the total perturbation of the final longitudinal
position due to all collective effects is the sum of the above
three perturbations,

Azf = ézAagiconst + é—;Aég#const + 52(1 + Kﬂ*)Aéil#conS[,
(21)

IV. DISTORTIONS DUE TO THE
PERTURBATIONS SOURCES

We now consider the effect of the perturbation sources
on the longitudinal bunch shape and the corresponding
change to the transformer ratio. In the first part of this
section, we group the various perturbation sources into five
categories based on the characteristic distortion they cause
to the ideal shape. In the second part of this section, we
examine the change of the transformer ratio due to this
perturbed shape.

A. Perturbation to the longitudinal bunch shape

Let X = (x}, x}, v}, ¥}, 2}, 87)" be the position of the
particle at the end of the EEX beam line in the absence of
perturbation (i.e. the ideal final position) that started out at
the mask with the initial position X, = (xo,x(, Yo. Yo
20.69)T. [Note that we are making a slight change to the
notation in this section of the paper. The ideal final
coordinates in this section are the same as the “final
coordinates” given in Sec. Il as Xy = (x7,x},z,87)"]
When perturbation sources are present, the particle is shifted
from its ideal-final-longitudinal-position (z}) to its per-
turbed-final-longitudinal-position (zj?) which is given by
the sum of the ideal position (z}) and the perturbation ({) or

2 =2 +¢, (22)

where z}- = Cyx, from Eq. (8) and ¢, which can be negative
or positive. The total perturbation from the ideal position is
given by the sum of the individual perturbation terms listed
in Egs. (17) and (21),
¢ = Cx% + Cyxoxly + C3x} + Cyz% + Csz¢6) + Co6%

+ C7x020 + Cgxhzo + CoxoSy + C1ox400 + C11¥3

+ Cryoyp + Ciayi + E(Adcsg + Adsc). (23)

The total perturbation terms are written out on five lines
to match the five categories we will identify below. In

general, the coefficients (C;) can be positive or negative.
This means that the final longitudinal position (zjf) can
either end up in front of or behind its ideal final longitudinal
position (z}). The first thirteen terms in Eq. (23) are the
second-order beam dynamics terms due to the nonlinear
magnetic forces in the beam line while the last term is due
to collective forces. Note that the last term, due to CSR and
SC, is in the form of Eq. (21), but we will not consider the
individual terms separately in the analysis to follow. This
simplifying step was taken because the perturbation to the
profile is of a similar characteristic shape for both SC
and CSR.

1. The ideal longitudinal bunch shape, ny(z)

The ideal triangular bunch shape, n4(z), can be charac-
terized by the particle density function,

2N, 2Ny Zmin min min

— =z 450 (1 + 5 ™ <z <M 4]

l’lo(Z) _ li I, ( 1, ) { . h}
0 otherwise,

(24)

where N is the total number of particles, [, is the bunch
length, z™" is the location of the tail of the triangle and
z™Min 4 [, is the location of its head. The origin of the final
longitudinal coordinate system (z} = 0) corresponds to the
origin of the initial transverse coordinate system at the
mask (xo = 0) through Eq. (8), zj = Coxo.

In the remainder of the paper, our analysis assumes that
the incident bunch (before the mask) has a Gaussian
transverse distribution (Fig. 4). This means that the origin
of the longitudinal coordinate system (z} = 0) corresponds

y (mm)

-20 -10 0 10 20

FIG. 4. Density plot of the transverse Gaussian distribution.
Red curves on each axis show the projected profile that is
Gaussian, and the cyan-dashed curve in the density plot shows the
mask shape for the triangular profile.
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FIG. 5. The general perturbation of a slice (left). The jth slice of the ideal longitudinal bunch shape has no(z."]-) particles at the ideal
position (zj-). In general, P({) shifts particles in the slice to new locations by a spread of distances. The total perturbed bunch shape,

n(z), is due to the sum of all the slice perturbations (right).

to the transverse center of the Gaussian bunch before the
mask (Fig. 2, first row, x, = 0), not the center of the mask
(Fig. 2, fifth row, triangular profile).

2. The perturbed longitudinal bunch shape, n(z)

The perturbed longitudinal bunch shape, n(z), is the
convolution of the ideal profile no(z}) and a perturbation

function P({ = z.’; - Z}),

n(zl) = / no(G)P(L —Z)dzh. (25)

The perturbation function acts to redistribute the par-
ticles from their ideal position (z’f) in the ideal triangular

longitudinal bunch shape, 19(z), to their new position (z}
in the perturbed longitudinal bunch shape,n(zf). The
integration of n(zjf-) over the whole domain is equal to

the original number of particles, Ny,. The continuous
particle distribution functions [Eqgs. (24) and (25)] were
approximated as discrete distribution functions for the
results presented in this paper.

To determine the shape of the perturbed longitudinal
bunch, we first determine the perturbation of the individual
slices of the ideal longitudinal bunch shape (Fig. 5, left) and
then sum the perturbed slices together (Fig. 5, right). In the
absence of perturbations, particles that originate from
position x, at the mask will arrive at the ideal slice position,
z} = Cyxy after the EEX beam line. For each of the five
categories there is a unique perturbation function, P(¢),
that determines how the particles are redistributed from z}

to z’;. Let n, [z’f( J)] represent the number of particles in the

Jjth slice of the ideal longitudinal bunch. The perturbation
function, P({), acts to shift particles in the ideal slice (blue
rectangle in Fig. 5, left), to a new longitudinal positions
(red distribution in Fig. 5, left) with a spread of distances.
We define ¢, to be the maximum perturbation of particles
from the ideal position (Fig. 5, left). In Appendix B, we
provide an analytic form of P({) for each source and

classify the perturbation based on three factors: (1) If P({)
depends on the final longitudinal position, z}, then we
identify it as z}-—dependent; otherwise it is z}-—independent;
(2) if P({) causes the mean position of the slice to shift
or not; and (3) if P({) causes the slice to spread or not.
In other words, we characterize each perturbation by its
Z}-dependence, shift and spread.

The sum of the individual perturbed slices along the ideal
bunch, no(z}), produces the perturbed longitudinal bunch
shape, n(zf), (Fig. 5, right). The perturbation sources are
grouped into five categories based on the characteristic
shape they imparted onto n(z) (see Fig. 6). Each of the five
categories has a unique P({), which leads to ¢ unique
characteristic shapes for each category. Note that the
maximum perturbation from each ideal position as ({;a)
is different for each category (Fig. 5).

The effects of the various perturbation functions on the
longitudinal bunch shape are summarized in Fig. 7 and will
be explained in detail in Appendix B. The strength of the
individual perturbation terms [in Eq. (23)] are normalized
by the ideal bunch length ({,.</,) and are varied from 0
to 0.3.

B. Perturbation of the transformer ratio

The ideal longitudinal bunch shape, no(z}), produces
the ideal transformer ratio, Ry = zN, and the perturbed
longitudinal bunch shape, n(z}) produces a perturbed

Peak p

FIG. 6. The four key characteristics of the triangular profile.
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FIG. 7. The perturbed longitudinal bunch shapes for: x%-series with C; < 0 (a), z%-series with C4 > 0 (b) and C4 < 0 (¢), xpzo-series
with C; # 0 (d), y%-series with Cy; > 0 (e) and Cy; < 0 (f), SC eftect (g), and CSR effect (h). The color corresponds to the ratio of the

maximum deviation ¢, to the ideal bunch length (1,): {pax/1p-

transformer ratio, R,,. In this section, we study the relative
change of the transformer ratio, AR/R,, where
AR = R, — Ry, induced by the five types of perturbations
introduced in Fig. 7. In Fig. 8, we plot AR/R, vs the
perturbation strength as given by the ratio of the maximum
deviation to the ideal bunch length for all perturbation
sources. To calculate the transformer ratio, a single mode
wakefield with N =3 is assumed again so that
Ry =7N~9.4. As the strength of the perturbation
increases, the transformer ratio for most of longitudinal
bunch shapes drops by more than 60%. For equally strong
perturbations: (1) the x3-series causes the largest drop to the
transformer ratio; (2) the SC effect and the CSR effect
cause the next largest change; (3) while the xz, series and

—a—x2 (C,<0)
08| |7
z: (€<
- 06 | —<— 1,2, (C,#0)
s 57, (C>0)
2 041 | o Y
—=— 8SC
02F |—<4—CsR
0¢ SRR
-0.2 : :
103 102 10" 10°
¢ N

max b

FIG. 8. The relative change of the transformer ratio versus the
ratio of the maximum deviation ({,,,) to the ideal bunch length
(1) for each of the perturbation cases.

yg series (with a negative coefficient) actually show a
transformer ratio rise (initially). This rise is an enhancement
of the transformer ratio. This rise happens because a
concave shaped head generates a higher transformer ratio
than the linear head [18] and it therefore shows a small
enhancement for the triangular profile. However, this
change still means that the longitudinal bunch shaping
mechanism is not well controlled.

V. SUPPRESSION OF THE PERTURBATIONS

In this section, we present methods for suppression of the
perturbations based on the analysis given in Sec. IV.
Results were benchmarked with realistic beam dynamics
simulations of the complete LBS beam line (Fig. 1) using
GPT simulations. The GPT simulation begins with a round
beam before the mask that becomes a triangle horizontal
profile with sharp edges after the mask. The simulation
includes all physics (nonlinear dynamics, space-charge and
CSR) and the beam is transported without any particle loss.

The perturbation terms due to the second-order effects
and the collective effects in Eq. (23) are the product of two
terms: a coefficient (C; or &) due to the beam line and a
bunch coordinate (x3, xozo, etc.). In general, the perturba-
tion terms can be suppressed by two methods: (1) bunch
control: adjusting the initial bunch coordinates (e.g. size
and slope of the incident bunch) or (2) beam line control:
modifying the beam line to reduce the coefficients.

The method we use for suppressing the second-order
effects we term the slope-control method. In method
(1) above, we can control either the incident bunch’s size
or slope. However, the adjustment of the bunch transverse
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size (or bunch length) turns out not to be a good option since
it interferes with other important requirements (e.g. a large
beam size at the mask is preferred to improve tolerance). On
the other hand, the slope is both available and simple to use
for suppression of second-order effects. The slope is easily
controlled by adjustment of the four quadrupoles upstream
of the LBS beam line for transverse slope control or with the
linac phase for longitudinal chirp control.

The method we use for suppressing the perturbations due
to the collective effects we term the asymmetric-dogleg
method. Our studies have shown that the slope-control
method can conflict with minimizing conditions for other
perturbation sources and the conditions needed to suppress
the collective effects can hurt the transverse optics.
Therefore, we used method (2) above, beam line control,
and found that by reducing the bending angle and increas-
ing the drift length of DL2 both CSR and SC were
suppressed without increasing the complexity of the
beam line.

Before presenting the results in this section, we make
two comments about the simulations. First, a fundamental
mode mavity (FMC) was added to the beam line to simplify
our analysis since the FMC eliminates the thick-lens effect
of the TDC and thus serves to avoid confusion between the
thick-lens effect and the collective effects [3,12]. While we
are aware that the thick-lens effect from the TDC can be
minimized with an initial longitudinal chirp without the
FMC [1], the magnitude of this chirp needed would create
serious collective effects [3]. Second, we are also aware that
the R52-emittance effect [3] in the EEX beam line can be
eliminated with the addition of four quadrupoles between
the mask and entrance to EEX (B1 in Fig. 1) [15]. However,
we did not include these quadrupoles in our EEX beam line
since their ¢/, factor is less than 3% and therefore
causes a negligible perturbation to the longitudinal bunch
shape.

A. Control of the second-order effects

The perturbations from the four sets of second-order
series (x3, z3, xoz0, and y3) identified in Table I and in
subsection A of Sec. IV can be minimized by introducing
appropriate correlations (i.e. slopes) between the terms in
each series. We call this the slope-control method and begin
this section by deriving the value of the horizontal slope
that minimizes the perturbation due to the x3-series. We
only present the results for the x3-series since the derivation
for the other series are similar.

In order to suppress the perturbations to the ideal
longitudinal bunch shape, 719(z};), we minimize the pertur-
bations to each slice of the ideal longitudinal bunch. Based
on the results of Sec. IV, the perturbation of the ideal slice
can be described by the errors: the mean shift { and the
spread ¢?. We will suppress the perturbation to no(z;}) by

minimizing ¢ and ¢? for all the slices in the bunch.

In the absence of all other perturbations, one can
calculate the mean and standard deviation of the perturba-
tion due to the x(z)—series [Eq. (23)] as

{ = Ci(xg) + Calxoxg) + C3{xg). (26)

(%) = CH{(xg) +2C,Co(xxg) + (2C1C5 + C3) {x5x(7)
+ 2C2C3 <)C0X63> + C% <x64>. (27)

Defining the initial horizontal slope of the beam as S, =
xoX},/x3 then, in the limit of very low horizontal emittance,
we have, xj, = S, xo and we can write

(§) = (Cy +CS,, + C3S§0)<x(2)>’ (28)

(%) = [C} +2C,C58,, + (2C,C5 + C3)8%, 4 2C,C5 83,
+C38%,1(x¢)- (29)

To minimize the perturbation due to the x3-series we take
the partial derivative with respect to S, and set it equal to
zero. The optimal value of the horizontal slope that
minimizes the perturbation [i.e. minimizes both Eq. (28)
and Eq. (29)] due to the x%—series is §,, = —C,/2C5. We
call this value of S, the minimizing horizontal slope and it
represents the horizontal slope on the incident bunch
(before the mask) that minimizes the perturbation due to
the x3-series.

The procedure outlined above for finding the minimizing
horizontal slope (S, = —C,/2C3) that minimizes the
perturbations for the xj-series is essentially the same for
the other three series. The initial vertical (S, = Yoo/ y%)
slope is used to minimize the perturbation due to the y3-
series. The last two series, z%-series and x,zo-series, can be
simulaneously minimized by proper adjustment of the
initial horizontal slope (S,, = xoXy/x3) and the longi-
tudinal slope (S, = z¢dy/ z3), hereafter referred to as the
chirp. In summary, for each of the three series, the
minimizing horizontal slope, the minimizing chirp, and
the minimizing vertical slope that suppress the perturba-
tions due to the second-order series are

L
Sxo = xoxg/a,%o = —C2/2C3 = —1/<L +LD +7C>,

(30)
SZO = 02050/620 = —C5/2C6 = —1/52, (31)
S)’() = 6)70},6/630 = —C12/2C13 = —B/2A, (32)

where A and B are the summation of all coefficients related
to y3 and y,y; in Table L
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1. Benchmarking results

GPT simulations were used to verify the effectiveness of
the slope-control method for minimizing the four sets of
second-order series. The procedure we followed was to
generate a Gaussian distributed beam with the parameters
listed in Table IT and with a given slope {S, .S, . S, }, pass
it through the EEX beam line (Table II), and examine the
quality of both the final longitudinal bunch shape and the
transformer ratio. For the transformer ratio, R, a single
mode wakefield with the wavelength satisfying N =3
for the ideal bunch length was used again. In case of the
ideal triangle of length = 34, Ry, = 9.4. According to
Egs. (30)—(32) and using the parameters listed in
Table II, we obtain the minimizing slopes to be
S, =-027m", S, =-1.05m", and §;, =0.13 m™".

The benchmarking results are shown in Fig. 9. The plots
were made by scanning one slope {S, .S, .S, } at a time,
while the other two slopes were held constant at their
minimizing values so that the results were focused on one
parameter at a time. For similar reasons, the SC and CSR
routines were turned off during these GPT simulations to keep
the results focused on the suppression of second-order effects.

The horizontal slope.—During the GPT scan of S, , the
bunch length (/,) changes and three different patterns
appeared on the longitudinal bunch shape [Fig. 9(a)l:
(ramp) the ramp becomes slightly convex; (head) particles
accumulate near the head to generate a bump; (tail) the tail
preserves a sharp edge. This overall tendency is in good
agreement with the analytic treatment given in Sec. IV as
can be seen by inspection of Fig. 7(a).

Corresponding to the perturbations of the longitudinal
bunch shape shown in Fig. 9(a), the transformer ratio also
changes as shown in Fig. 9(b). The transformer ratio is close
to its ideal value when the horizontal slope is near —0.3 m~!,
which is close to the predicted value (S, = —0.27 m™).
Note that both lower and higher values of S, cause the

TABLE II. Input beam parameters and beam line parameters.
Input beam parameter Value Unit
o, 5.0 mm
oy 5.0 mm

o, 1.5 mm
Enx 10.0 mm-mrad
Eny 10.0 mm-mrad
o 0.1 %

Ey 50.0 MeV
Beam line parameter Value Unit
aps 20.0 Degree
L, 0.31 M
Lpi.pm 2 M
L¢ 0.48 M
D I ’2 0.5 M

D 0.1 M

transformer ratio to drop. For instance, if S, > 0.5 then the
transformer ratio drop exceeds 50% of its ideal value.
Overall, the plots in both Figs. 9(a) and 9(b) show that
the slope suppresses the perturbation very effectively when it
is near the optimal value S, = —0.27 m~!.

One down side to minimizing the x3-series perturbation
using only the horizontal slope is that the bunch length after
the EEX beam line also depends on the initial horizontal
slope [note the dependence of z on the angle, x’, in Eq. (7)]
which is why the final bunch length, /,, varies from 2 to
5 mm in Fig. 9(a). However, if the sextupole method [15] is
used in conjunction with our slope-control method then the
x3-series perturbation can be minimized while simultane-
ously controlling the bunch length. Note that for bunch
train generation, the horizontal slope (S, ) changes both the
overall length of the train and the microbunch separation.

The longitudinal slope (i.e. chirp).—The perturbation
pattern imposed onto the ideal longitudinal bunch
shape,ng(z), during the scan of the longitudinal slope
(S,,) is relatively complicated since the longitudinal slope
effects the size of the perturbation terms in both the z3-
series and x(zy-series. Therefore, the patterns produced
during the scan of S, are due to a combination of two
perturbation patterns shown in Fig. 7(c): due to the z3-series
with C4 < 0 since the overall coefficient of zj-series is
negative for the beam line parameters in Table II; and
Fig. 7(d): due to the x(z,-series.

During the GPT scan of §,, four different patterns
appeared on the longitudinal bunch shape, n(z): (head) a
concave head; (peak) a rounded peak; (ramp) a slightly
altered ramp angle; (tail) a concave tail. These patterns
were compared with analytic predictions shown in
Figs. 7(c) and 7(d) as discussed above. According to the
analytic approach, the patterns (head) and (tail) are caused by
both series. For pattern (ramp), the z3-series does not change
the ramp, while the xz,-series generates a slight change on
the ramp angle. For pattern (peak), the peak is rounded by
XpZo-series, but its position moves closer to the tail side than
Fig. 7(d) because the zé-series preserves the position of the
peak. Finally, GPT simulation results confirmed that this
combined perturbation is minimized when the longitudinal
slope is near —1.0 m™!, which is close to the expected
optimal slope of S, 5 = —1.05 m~! [see Fig. 9(d)].

Similar to the case of the horizontal slope, the transformer
ratio drops as the longitudinal slope (i.e. chirp) moves away
from the optimal value (S, ; = —1.05 m~"). For instance,
when S, > 6, then the transformer ratio drops by 50%. We
note that during high-charge operation of a typical photo-
injector, the bunch can exit the linac (i.e. enter the EEX beam
line) with a high longitudinal slope (S, ~ 6) due to strong
space-charge forces in the gun and linac. In this high-charge
case, off-crest operation of the linac can help to suppress the
transformer ratio drop by reducing the longitudinal chirp at
the entrance to the EEX beam line.
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FIG. 9. Suppression of second-order effects with the slope-control method. The final longitudinal bunch shape, n(z), from GPT
simulation (left column) and corresponding normalized change in the transformer ratio, AR/R (right column). The top row shows the
effect of the horizontal slope, the middle row shows the effect of the longitudinal slope (i.e. chirp), the bottom row shows the effect of the

vertical slope on n(z) (left) and AR/R (right).

The vertical slope.—The perturbation imposed on n(z)
during the scan of the vertical slope (S, ) is due to yj-series
according to the analytic approach presented in Appendix B 4.
Since the overall coefficient for the y%—series is negative
(C;;1 < 0)forthe parameters given in Table II, the perturbation
patterns in this case will behave as in Fig. 7(f).

During the GPT scan, two different patterns appeared on
the ideal triangular profile: (peak) a convex shape near the
peak and (tail) a concave tail as can be seen in Fig. 9(e).
The patterns of the (head) and (ramp) were unchanged. The
overall shape from the GPT simulations [Fig. 9(e)] is in
good agreement with that predicted from the perturbation
analysis in Fig. 7(f).

The effect of the y2-series on transformer ratio is much
weaker than the other two cases with the parameters of
Table II. It follows the trend predicted by the perturbation
analysis with its minimizing value near the predicted value
S,, =0.13 m~!. The transformer ratio drop is negligible
for the range from —0.2 to 0.6 m~! that includes the
expected minimizing slope 0.13 m~'.

In summary, GPT simulation results confirm that slope-
control method can effectively suppress second-order

effects in the EEX beam line. The slopes calculated with
Eqgs. (30)—(32) accurately predict the values of the slope
that minimize the second-order perturbations according to
GPT simulations. The good agreement between Figs. 7
and 9 proves that the second-order terms in Table I account
for the perturbations. Most importantly, our results show
that the second-order perturbations are easily controlled
with the slope-control method that optimizes the initial
horizontal, vertical and longitudinal slopes. The longi-
tudinal slope can be adjusted by the linac phase while
the horizontal and the vertical slopes are controlled with the
four quadrupoles in front of the mask.

B. Control of the collective effects

The perturbations caused by CSR and SC have similar
forms [Eq. (21)] and both can be minimized by minimizing
& (R56 in DL2) since &, is the coefficient of all collective-
effect terms in Eq. (21). We call this method of minimizing
the collective effects in the EEX beam line the asymmetric-
dogleg method since &; and &, are different. To verify the
effectiveness of using &, to suppress the collective effects we
scanned &, by scanning the bending angle and observed
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its effect on the longitudinal bunch shape and the trans-
former ratio. In order to change the value of &, while keeping
1, constant (in order to maintain the exchange condition),
both the bending angle and the drift length of DL2 had

to be varied. This is possible since #, is more sensitive
to the bending angle than &, so we were able to keep #,
constant during the simulations by increasing the drift

length.

GPT simulations were separated into two cases, depend-
ing on the beam energies, in order to study the two regimes
of collective effects: CSR dominated (higher energy) and
SC dominated (lower energy). In the first case, a 50 MeV
beam was used to make CSR strong and SC weak while in
the second case, a 15 MeV beam was used to makes CSR
weak and SC strong. In the benchmarking simulations, the
CSR and SC effects were only calculated up to the entrance
of DL2 and turned off in DL2. In this way, we avoided
confusion from the reduced angle (weaker CSR) and
elongated drift (stronger SC) in order to verify that reducing
&, helps to suppress the collective effects according to the
analytic results in Secs. III and IV. However, at the end of
this section, we verify the asymmetric-dogleg method in a
realistic case by running a GPT simulation of a 3.5 nC
bunch with all physics included in the beam line.

The EEX beam line parameters from Table II are used
once again with the exception of a, and Lp,. The bending
angle, a,, is varied from 20 degrees to 12 degrees in
2 degree steps. For the bending angle of 20 degrees, the
drift length, Lp,, was set to 2 m for the 50 MeV case and
0.85 m for the 15 MeV case. It was then increased as the
bending angle was decreased to keep #, constant. For the
bending angle of 12 degrees, the drift length, L, was set
to 3.79 m for the 50 MeV case and 1.74 m for the 15 MeV
case. For each combination of @, and Lp,, five different
charge levels were applied. The lowest charge after the

0.8

1. CSR-dominated regime

mask is 1.1 nC, and the highest charge is 11 nC. For the
transformer ratio, a single mode wakefield with the wave-
length satisfying N = 3 for the ideal bunch length is used
once again so that Ry = 9.4.

During the GPT scan in the CSR-dominated regime
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(50 MeV beam), three different patterns appeared on the
ideal triangular profile (see Fig. 10): (ramp) a concave ramp
shape, (tail) a convex tail shape, and (peak) a rounded
peak. This overall feature shows good agreements with
Fig. 7(h), which shows the predicted perturbation due to
CSR. Although both CSR and SC generate similar pertur-
bation patterns, the peak is rounded by CSR but flattened
by space charge. Based on this observation, the perturba-
tion in Fig. 10 is seen to be mostly caused by CSR, as
expected.

Figures 10(a)-10(e) show a clear relationship between
the CSR-perturbation strength, the charge, and &,. High
charge generates strong CSR, which in turn generates
strong perturbations. However, decreasing &, helps to
weaken the CSR induced perturbations. For a given charge,
the perturbation is clearly suppressed at lower &,. At
12 degrees, there is only a small amount of change on
the tail side even for 11 nC. In terms of the transformer
ratio, the 20 degree case generates 70% drop of transformer
ratio at 5.5 nC or higher, but even 11 nC, the 12 degree case
only generates a 20% drop of transformer ratio.

Notice that the behavior of the transformer ratio, R, in the
CSR dominated regime does not follow a simple pattern.
This is because R depends on both the bunch length and the
shape. In the case of the ideal triangle, we have Ry = zN
but the slightly concave shape on the head will generate a
higher transformer ratio [18]. Since CSR generates a

11nC

7.7nC

5.5nC

3.3nC

1.1nC

FIG. 10. The CSR effect. Longitudinal bunch shape at the end of EEX beam line with different charges after the mask (top), and
corresponding transformer ratio drop (bottom). As we move from left to right (a)-(e), a, = (20°,18% 16°,14° 12°) and
Lp, = (2.00 m,2.31 m,2.68 m,3.16 m,3.79 m). Corresponding &, for each case is (0.29 m, 0.27 m, 0.24 m, 0.21 m, 0.18 m).
Note that the beam energy is 50 MeV to generate strong CSR but weak SC.
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FIG. 11.

The space charge effect. Current profiles at the end of the EEX beam line with different charges after the mask (top), and

corresponding transformer ratio drop (bottom). As we move from left to right (a)-(e), a, = (200, 189, 16°, 149, 120) and
Lp, = (0.85 m,1.00m, 1.19 m, 1.43m, 1.74m)). Corresponding &, for each case is (0.14 m, 0.13 m, 0.11 m, 0.10 m, 0.09 m).
The beam energy is 15 MeV that generates a weak CSR effect but a strong space-charge effect.

slightly longer bunch length (due to the elongated tail) as
well as a concave head shape, then the transformer ratio can
actually be higher than the ideal triangle profile.

2. Space-charge dominated regime

During the GPT scan of the space-charge (SC) domi-
nated regime (15 MeV beam), four different patterns
appeared on the ideal triangular profile (Fig. 11): (head)
a convex shaped head, (tail) a concave shape tail, (ramp) a
concave ramp and (peak) a flattened peak in comparison to
Fig. 10. The flattened peak is a distinguishing feature of the
SC dominated regime while the rounded peak is a dis-
tinguishing feature of the CSR dominated regime. These
overall patterns are similar to Fig. 7(g). Since the pertur-
bation from the SC with energy and charge is too strong,
even the 12 degree case still has a seriously perturbed
longitudinal bunch shape. However, it is clearly better than
the profiles in Fig. 11(a) which has an extremely elongated
bunch length from the SC effect.
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The asymmetric dogleg method is not as effective at
suppressing the SC effects in this regime as it was for
the CSR effect. A charge of 1.1 nC provides a reasonably
high transformer ratio, and the 3.3 nC case shows clearly
improved results for decreased &,. However, because of the
severe space-charge perturbation, the transformer ratio
quickly drops with charge and then changes slowly (and
even oscillates) at higher charge.

C. Benchmarking results with all physics included

In the GPT simulation of the previous two subsections,
we turned off the collective effects in DL2. This approxi-
mation allowed for easy comparison with the analytic
results of Sec. IV. In this subsection, we verify the
effectiveness of the asymmetric-dogleg method using a
realistic case by running a GPT simulation of a 3.5 nC bunch
with all physics included everywhere in the beam line.

Figure 12 shows the GPT simulation result with both
CSR (a) and SC (b) included along the entire beam line

0.6

N
'S

Fed
N

n@/N, (m™)
& Norm. wakefield
[

12.  Final longitudinal bunch shape (blue) and corresponding wakefield (red) for the CSR dominant case (a) and the SC dominant

case (b). In both cases, we used a 12-degree bending angle with a charge after the mask of 3.5 nC.
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(including DL2). GPT simulations were done with a charge
of 3.5 nC after the mask and wakefield is calculated in the
same way. For N = 3, transformer ratio for the CSR
dominated regime is 8.0 which means 15% drop from
the ideal value, and the SC dominated regime provides 6.0
which is 36% drop from the ideal value (9.4). These
simulations verify that the approximations used in this
section yield answers very close to the case when all
physics is included.

VI. CONCLUSION

We presented an analysis of perturbation sources and
their effect on the longitudinal bunch shape, the transformer
ratio and studied methods to suppress perturbations in the
mask + emittance exchange beam line. The linear transfer
matrix formalism is a useful tool to understand the basic
beam dynamics in the EEX beam line, but it ignores other
significant factors like higher-order terms in the beam line
optics and collective effects. Our analysis extended the
matrix formalism to include these terms to study their effect
on the ideal longitudinal bunch shape and the transformer
ratio. Our analytic estimates showed good agreement with
particle tracking simulation using GPT that includes all
physics.

We introduced two methods for the suppression of
perturbations to the longitudinal bunch shape caused by
second-order and collective effects. The slope-control
method is used to minimize the perturbation from the
second-order terms by controlling the horizontal and
vertical slope of the bunch before the mask. The asym-
metric-dogleg method minimizes the perturbation from the
collective forces by reducing &, (while keeping 7, con-
stant). GPT simulation results, with all physics included,
showed good agreement with the analytic predictions of
suppression.
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APPENDIX A: SECTIONS OF EEX BEAM LINE
WHERE MOMENTUM EXCHANGE AND
POSITION EXCHANGE TAKE PLACE

It is difficult to understand the emittance exchange
process due to the complex motion of the beam inside
the beam line. Therefore, in this section, we will develop an
intuitive understanding of the emittance exchange process
in the idealized case. Our explanation is intended to
supplement explanations given previously in the literature,
Refs. [1] and [2]. We now examine the beam at two
different sections inside the EEX beam line: after
DL1 + TDC and after TDC + DL2.

1. The momentum exchange

We begin by examining the beam after it has passed
through the first section (DL1 4 TDC) and show that this
is where the transverse and longitudinal momentum is
exchanged. Given the particle coordinates at the entrance
to EEX beam line are X, = (xq, x{,, 2o, 8o)7, then after the
TDC we have

Xy 1 Li+Lp 0 n Xo
x| |0 L+xm K K& Xg
22 o m 1 & <0
5y k k(Li+Lp) 0 14«n So

(A1)
Writing out the expressions for each momentum explic-
itly gives

xh = (1 4+ xny)xh + kzy + k&5,
{2 ( '71)0 0 €160 (A2)

8y = kxg +k(Ly + Lp)xy + (1 + xny)zp.

Let us consider the first line of Eq. (A2), which has four
terms. The first term (x;) is simply the initial transverse
momentum while the second term (k#;x() arises in two
steps. In the first step, Eq. (1) shows that an x —z
correlation is acquired at the end of the dogleg due to
the longer path length taken by particles with nonzero x’ in
aregion of dispersion (1) so that z; acquires an 7;x;, term.
In other words, particles with a positive/negative initial
divergence (x{,) arrive at the end of DLI late/early, by the
extra amount Az; = #;x;. In the second step, the TDC
imparts a z-dependent transverse kick [Eq. (2)] so that x)
acquires the xz; term, (z; = x#,x;). The divergence after
the TDC now depends on the initial divergence (x;) and
the acquired divergence (knx;) as xb = x(+ knxy =
(1 + kn)x;. At this point, if the beam line is tuned so that
the exact EEX condition applies, by appropriate choice of
the dogleg dispersion and TDC kick strength (1 4+ x7; =0
[2]), then Eq. (A2) becomes

{ Xy = kzo + k&1 6y, (A3)
8y = kxg + k(L; + Lp)x;.

Thus, the momenta have been exchanged: x' = §. In
other words, the transverse momentum after the TDC (x})
depends only on the initial longitudinal coordinates (z, &)
and the longitudinal momentum after the TDC (6,)
depends only on the initial transverse coordinates
(x9,x5). Note also that while DL2 [Eq. (1)] completes
the beam line, it does not change the momenta x’ and 6.
Thus, we see that the first section of the beam line
(DL1 +TDC) is the place where the momenta are
exchanged.
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2. The position exchange

We next examine the beam after it has passed through the
second section of the beam line (TDC + DL2) and show
that this is where the transverse and longitudinal positions
have been exchanged. Given the particle coordinates at the
entrance to the TDC are X| = (x;,x},z;,6,)7, then after
DL2 we have the expression

)Cf 1+K7’]2 L2 +LD K(LQ"’LD) /M X1

x| |0 1 K 0 x)

if | k& n 1 +xn, & 21

5 x 0 0 1/ \s,
(Ad)

In the same way, the EEX condition (1 + 7, = 0)
simplifies this relation and the final positions can be
explicitly expressed as

Xf = K(L2 +LD)Z1 +7]251 + (L2 +LD)X/1,

Zf = Ké:zx] + 772)6/1 + 525] . (AS)

Before applying the EEX condition, we had a term
Xp = x| + Kkipx;. The first term is simply the initial trans-
verse position (x;) and the second term (kr,x;) arises in
two steps. In the first step, the TDC applies an x-dependent
longitudinal kick as shown in Eq. (2) so that §, acquires a
kx; term (i.e., 6, = 0| + kx;) so the beam has an x — ¢
correlation. In the second step, the transverse dispersion of
DL2 also creates an x—¢6 correlation [Eq. (1)]
Xp = 10, = K17,x. Once again, if the correlation caused
by the TDC is made to cancel the correlation from DL2, by
tuning x and 7,, then the two terms can cancel out and the
position exchange is complete.

Note that while the coordinate exchange is not complete
due to the presence of momentum terms ((L, + Lp)x} and
£,01), Eq. (AS) still has the property that the final x-position
is independent of the initial z-position and the final
x-position is independent of the initial z-position.
Inspection of Eq. (1) shows that this property is preserved
if the matrix occurring in Eq. (AS5) is multiplied by
the matrix in Eq. (1) to the right. Therefore, we can say
that the position exchange occurs in the second section
(TDC + DL2).

APPENDIX B PERTURBATION FUNCTIONS
AND THEIR CHARACTERISTICS
1. xﬁ-series perturbation: z}-dependent, shift, no spread
The first set of perturbation terms we consider is the x3-
series on the first line of Eq. (23) (i.e., Clx(z) + Coxoxy+
C3x). Since all three terms are proportional to x3, due to

the slope relationship given in Sec. III, we only need
consider the first term of the perturbation, ¢ = C,x3.
This perturbation ({) varies with the position (z) of the

bunch since z}- = Cyxy. This means there is a correlation
between ¢ and z) which is the same as saying “the
perturbation is zj-dependent” The magnitude of the
perturbation is { = Clx%, and therefore, the shift ({) is
small near the origin (z} = 0) and large near the head and
tail (Fig. 13, middle row). Further, all particles that start at a
slice shift by the same amount (i.e. no spread) so the x3-
term perturbation function can we written as

P({) = 8(¢ = Cixp). (B1)

To understand the total perturbed longitudinal bunch
shape, we need to sum the shifts from the individual slices.
The direction of the shift, £, is always towards the back of
the bunch (Fig. 13, middle row) since the term Clx(% is
always negative in our case. This is because the coefficients
(Cy, C,, C3) are always negative (these coefficient calcu-
lations are not included in the paper). If this perturbation is
strong (C,x3 is large) then a slice that starts near the head
can shift beyond a particle that started close to the center
causing a large peak to form near z ~ 1 mm [Fig. 7(a)].
Summing all of the slice perturbations (Fig. 13, top row)
together gives the characteristic shape of the perturbed
longitudinal bunch shape due to the x%—series. The follow-
ing effects on the shape can be seen in Fig. 7(a): (tail)

| : PE) ’Na:(z)

Uy

PE)

o

FIG. 13. The xj-series perturbation. Bottom: The ideal ng(z)
profile. Middle: The perturbation function P(¢) at various positions
along the bunch. Top: Slices of the ideal profile n (z}) (blue) and the
perturbed profile g (z}) (red). The shift, { depends on z}. Particles
move to the back of the bunch and its distance is proportional to the
square of the distance from the center of the bunch.
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elongated tail with hard edge which only occurs in this
perturbation as no other perturbations generate a hard edge;
(peak) unchanged; (ramp) convex; (head) convex or spike-
like head.

2. The zj-series perturbation: z}-independent,
no shift, spread

The second set of perturbation terms we consider are the
z%-terms on the second line of Eq. (23) (C4z% + C5200p+
Ce53). Since all three terms are proportional to z3, due to
the slope relationship given in Sec. III, we only need to
consider the first term of the perturbation, { = C,z3.

Since the z, distribution has a spread (the bunch has a
Gaussian longitudinal distribution at the entrance to EEX),
this perturbation (¢ = C4z3) will result in a spread (Fig. 14,
middle and top rows) around the ideal position z} but
without a shift. Further, since z; is not correlated with z},
then this perturbation is not correlated with z} (i.e. the
perturbation is Z}—independent) and the magnitude of this
perturbation is constant along the bunch position (Fig. 14,
middle and top). This perturbation function will redistribute
particles according to

P(g) = 21’1/\/%610 exp |:_ 212 ¢/Cy

GZO

{€0.lmal. (B2)

where n is the normalization factor for || g'“a‘ P($)d¢ = 1.
The direction of the perturbation can be either forwards or

PE) *No:(z)

Uy

o

FIG. 14. The zj-series perturbation for the case of C, < 0.
Bottom: The ideal no(z}) profile. Middle: The perturbation

function P(¢). Top: Slices of the ideal profile ny(z}) (blue)
and the perturbed profile n(z}’) (red). The shift is a skewed
Gaussian towards the back of the bunch.

backwards depending on the sign of the coefficient, Cy.
When C, > 0, the particles spread forwards, and the
characteristic shape of the perturbed longitudinal bunch
shape, n(z), is: (tail) a convex shaped tail; (peak) a rounded
peak; (ramp) unchanged; (head) a concave shaped and
elongated head. When C, <0, (Fig. 14, middle) the
particles spread backwards and the characteristic shapes
are: (tail) a concave shape tail; (peak) unchanged; (ramp)
unchanged; (head) a concave shape head. The total per-
turbed longitudinal bunch shape for the forward (C, > 0)
and backward (C4 < 0) case is shown in Figs. 7(b) and
7(c), respectively.

3. The x,z,-series perturbation: zj’}-dependent,
without shift, with spread

The third set of perturbation terms we consider is the
Xpzo-series on the third line of Eq. (23) (Crxozo+
Csxyzo + Coxoby + Cox(8y). Since all four terms are
proportional to xyzy due to the slope relationship given
in Sec. III, we only need to consider { = Cyx¢z,.

Since x, and x{, are correlated with z} but z, and J, are
not, then the xyzo-series includes both correlated and
uncorrelated terms. The uncorrelated term, due to the
Gaussian distribution of z, causes a spread (as described
in the z%-series above). The correlated term, due to x,
causes the width of the spread to depend on z} (i.e. Z}—
dependent) regardless of the sign of coefficients (C7). For
this perturbation, { = C;x(z, the perturbation function is
shown in Fig. 15 (middle and top) and is given by

PE©) *No:(z)

Uy

“o

FIG. 15. The xyz,-series perturbation. Bottom: The ideal no(z})
profile. Middle: The perturbation function P({). Top: Slices of
the ideal profile no(z}) (blue) and the perturbed profile n(z})
(red). The Gaussian spread of the slices gets stronger the farther
out from the center.
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P©) =1V x| o (- e/l ) | 83)

20

where (xg) € [—Cmax (%0)s {max (X0)]- The magnitude of the
spread drops to zero at = 0. It increases the farther
the particle is from zj = 0 (Fig. 15, middle and top). The
characteristic shapes caused by this perturbation to the
perturbed longitudinal bunch shape, n(z}’), are shown in
Fig. 7(d): (tail) a concave tail; (peak) rounded peak; (ramp)
a changed ramp; (head) a concave shape head.

4. The y3-series perturbation: z:-dependent,
without shift, with spread

The fourth set of perturbation terms we consider are the
y3-terms on the fourth line of Eq. (23) (C1,y3 + Crayoyy+
C13y¢). Since all three terms are proportional to y3, due to
the slope relationship given in Sec. III, we only need to
consider the first term of the perturbation, ¢ = Cy;y3.

This perturbation, { = Cy; y(z), causes a spread of the
ideal slice (Fig. 16, middle and top) due to the Gaussian
distribution of y,. In the absence of a mask, the perturbation
due to the y3-series is not correlated with z} since y is not
correlated with xy. However, the perturbation acquires a
correlation with x; (and with z}) due to the shape of the
mask thus this perturbation becomes z}—dependent (Fig. 16,
middle and top). Explicitly, the correlation between ¢ and

P(3) *No(z) :

[ g™

P

-

FIG. 16. The y%—series perturbation for the case of Cy; < 0.
Bottom: The ideal no(z}) profile. Middle: The perturbation
function, P(¢), for the y3-series with Cy; < 0. Top: Slices of
the ideal profile 7(z;) (blue) and the perturbed profile n(z})
(red). The skewed Gaussian spread of the slices gets stronger the
farther away from the head.

z} is due to the mask used to generate the triangular
longitudinal bunch shape (Fig. 4, cyan-dashed curve) since
it limits the vertical beam size along x, which is correlated
with Z}. Since the initial transverse distribution of the bunch
is Gaussian, then we can generate an arbitrary projected
horizontal bunch shape, n(xy), the mask, if we use a
transverse mask with a shape y = M(x,) which is

M(x) = V270, inverf{v/2z6,n(x)/Nio exp[x3/262]}.
(B4)

If n(x) is the triangle horizontal profile, then the
perturbation function can be expressed as

1
26%0

P(C) = 2n/\/Zrc, exp [— ¢/eme e b.cxo))

(BS)

where ¢ = ¢(xy) = C1,y(xo)?. For this perturbation, the
magnitude of the spread of the particles near the tail is
larger than the spread of the particles near the head because
the shape of the mask is taller in the y-dimension near the
tail than the head (Fig. 4, cyan dashed). For Cy; > 0, the
characteristic shape is shown in Fig. 7(e): (tail) a convex
tail; (peak) a sharp peak; (ramp) unchanged; (head)
unchanged. For C;; < 0, the characteristic shape is shown
in Fig. 7(f): (tail) a concave tail; (peak) unchanged peak;
(ramp) convex ramp; (head) unchanged head. Note that the
reason that most of the ramp is unchanged is that the middle
of the mask shape is quite flat for the Gaussian beam
distribution (Fig. 4, cyan dashed).

5. The CSR and SC perturbation: z}-independent,
without shift, with spread

The fifth, and final, set of perturbation terms we consider
are the terms due to the collective forces on the fifth line of
Eq. (23): & (Abcsg + Adsc). Since the momentum kick
from SC and CSR depends on the longitudinal bunch shape
in the same way [see Eq. (21)], we only need to consider
one of the terms in Eq. (21) to explore the characteristic of
this perturbation, { = &,Ad, where &, is the momentum
compaction in DL2 and AS = Ad(z,) the integrated
momentum kick at the entrance to DL2. This perturbation,
due to CSR and SC, arises from the propagation of the
integrated momentum kick at the entrance to DL2, Ad
[Eqg. (21)] through the (first-order) dogleg, DL.2. Note that
unlike the previous four perturbation sources we only
include first-order optics in the beam line since it is
dominant.

Recall that the integrated momentum kick, AJd, arises
from a collective force [either the longitudinal SC force or
the longitudinal (1D) CSR force] which varies along the
length of the bunch. Further, since the beam has an initial
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FIG. 17.  The SC perturbation. Bottom: The ideal 19(z) profile.
Middle: The perturbation function P(¢). Top: Slices of the ideal
profile n19(z) (blue) and the perturbed profile n(z}) (red). The SC
perturbation has a symmetric Gaussian-like spread with spikes at
each end, and there is no shift in z}.

spread in z,, at the mask, then the collective forces acting
along the bunch will generate a momentum kick at its
arrival to the entrance of DL2, A§, with spread. This, in
turn, causes the perturbation, ¢, to have a spread at the end
of the LBS beam line after propagating through DL2. This
perturbation does not cause a shift since it does not depend
on x.

Next, we want to show that this perturbation is z}—
independent, i.e. that { and z}- are not correlated. To do this,
we make a simplifying assumption that will be verified in
Sec. V by numerical simulation. We assume that the initial
horizontal angle is zero (x; = 0) which eliminates the
correlation between z, and J,. This can be seen by using
Eq. (A3), where the former now only depends on the initial
longitudinal coordinates (z, = zo + &;6y) and the later
now only depends on the initial transverse coordinates
(6, = Kkxp). Further, using Eq. (8) and the assumption
x5 =0 gives z} = k&yxg. Therefore, since (i) 6, and z}
are correlated (since both are «x); and (ii) J, and z, are not
correlated, then, are z, and z;} not correlated. Finally, since
the integrated momentum kick,Ad, is correlated with the
bunch length, z,, then Ad(xzp) and zj(exxg) are not
correlated. Therefore, this means that {(=£,A4) and z§
are not correlated.

This integrated momentum kick, Ad, for a Gaussian
bunch, was scaled from Eq. (54) of Ref. [22] for the SC
effect and Eq. (18) of Ref. [23] for the CSR effect. Thus, the
perturbation function is

PE) *No(2)

Uy

P

o

FIG. 18. The CSR perturbation. Bottom: The ideal no(z})
profile. Middle: The perturbation function P({). Top: Slices of
the ideal profile 7(z}) (blue) and the perturbed profile n(z})
(red). The CSR perturbation has skewed-Gaussian-like spread
with spikes at each end, and it is the same for all slices.

P(§) = n/V2ze., exp|— 55 {857 (/9] (B6)

where its domain is ¢ € [min(&,AS), max(£,AS)] and AS™!
is the inverse of the integrated momentum kick, Ad. Both
the SC perturbation pattern (Fig. 17) and CSR perturbation
pattern (Fig. 18) are equal in strength along the bunch (i.e.
z}—independent). For a bunch with a longitudinal Gaussian
distribution, the SC field is symmetric and the CSR is an
asymmetric wakefield. Therefore, P({) is symmetric for SC
and asymmetric for CSR. This means the particles move
equally forward and backward for SC, but particles mostly
move backwards for CSR. The center of P({) is similar to
the Gaussian cases above, but the ends of P({) have spikes
which influences the head and tail of the bunch. The
characteristic shape of the total perturbation [see Figs. 7(g)
and 7(h)] is: (tail) the spike at the tail generates a convex
shaped tail; (peak) CSR has a rounded peak and SC has a
slightly spiked peak; (ramp) unchanged. This is because the
Gaussian-like spread [near the center of P({)] preserves the
ramp; (head) the spike at the head generates a concave
shaped head.
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