
J
H
E
P
0
7
(
2
0
1
3
)
0
7
2

Published for SISSA by Springer

Received: April 23, 2013

Accepted: June 24, 2013

Published: July 11, 2013

Supersymmetric M5 brane theories on R × CP2

Hee-Cheol Kim and Kimyeong Lee

Korea Institute for Advanced Study,

Seoul 130-722, Korea

E-mail: heecheol1@gmail.com, klee@kias.re.kr

Abstract:We propose 4 and 12 supersymmetric conformal Yang-Mills-Chern-Simons the-

ories on R× CP2 as multiple representations of the theory on M5 branes. These theories

are obtained by twisted Zk modding and dimensional reduction of the 6d (2,0) superconfor-

mal field theory on R× S5 and have a discrete coupling constant 1
g2
Y M

= k
4π2 with natural

number k. Instantons in these theories are expected to represent the Kaluza-Klein modes.

For the k = 1, 2 cases, we argue that the number of supersymmetries in our theories should

be enhanced to 32 and 16, respectively. For the k = 3 case, only the 4 supersymmet-

ric theory gets the supersymmetric enhancement to 8. For the 4 supersymmetric case,

the vacuum structure becomes more complicated as there are degenerate supersymmetric

vacua characterized by fuzzy spheres. We calculate the perturbative part of the SU(N)

gauge group Euclidean path integral for the index function at the symmetric phase of the

4 supersymmetric case and confirm it with the known half-BPS index. From the similar

twisted Zk modding of the AdS7 × S4 geometry, we speculate that the M region is for

k . N1/3 and the type IIA region is N1/3 . k . N . When nonperturbative corrections

are included, our theories are expected to produce the full index of the 6d (2,0) theory.
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1 Introduction

The physics of M5 branes [1–3] remains as one of great mysteries in M-theory [1, 2, 4].

Some fundamental structures of the underlying 6d (2,0) superconformal theory are not

yet known. One promising approach is to study the 5d maximally supersymmetric gauge

theory whose instantons may provide all Kaluza-Klein physics of the circle-compactified

6d theory [5, 6]. The study of a 1/4 BPS sector by the index calculation in this setting

has provided the exact results on the DLCQ limit of the 6d (2,0) theory [7, 8]. However,

one wants to have more devices to probe this 6d theory which allow, for example, the

calculation of the full index function on S1 × S5.

In this work we propose one such tool. First we put the 6d (2,0) theory on R× S5. The

five sphere S5 is a circle fibration over CP2, and we mod out the theory by Zk along this

circle fiber with some additional twisting along a U(1) subgroup of the Sp(2)R = SO(5) R-

symmetry. This allows a consistent truncation of the 6d theory to a 5d theory on R× CP2

with partially conserved supersymmetries. While we do not know the exact nonabelian 6d

(2,0) theory, one can find this 5d nonabelian theory explicitly. The 5d theory has both

Yang-Mills Chern-Simons terms and the Myers term for the scalar field. The Chern-Simons

term is not the standard 5d Chern-Simons term but is of type JAdA where J is the Kähler

form on CP2. This Zk modding and dimensional reduction lead to the overall coupling

constant 1/g2YM = k/4π2r with the S5 radius r, and so the 5d theories with SU(N) gauge

group have a weakly coupled regime with the small ’t Hooft coupling constant λ = N/k

when k ≫ N . A different choice of twisting leads to a different 5d theory, even with
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different amount of supersymmetries. Here we construct two such 5d theories with either

4 or 12 supersymmetries.

The Killing spinors of S5 can be singlet or triplet under the isometry group SU(3)

of CP2. We will show that the 4 and 12 supersymmetric theories have singlet and triplet

Killing spinors, respectively. Our 5d theories do not appear in the standard classification of

the super conformal field theories as Poincare supersymmetry is partially broken here [20,

21]. The supersymmetry on R × CP2 inherits the original superconformal symmetry and

the eigenvalues of our Hamiltonian can be identified with the conformal dimension of an

operator corresponding to the eigenstate on CP2. As we have modded out some sector of

the original theory, the quantum states of our theories for k > 1 have fewer quantum states

than the original 6d theory.

As instantons in the 5d maximally supersymmetric Yang-Mills theory obtained by

the dimensional reduction of the 6d (2,0) theory on R5 × S1 are supposed to provide the

Kaluza-Klein modes [9, 10], instantons in our theories are assumed also to provide all of the

KK physics. Our theory has only one coupling constant which is discrete and quantized.

In addition we expect that for k = 1 the amount of the supersymmetries of our theories

should be enhanced to 32 as there is no modding. Especially, our theories with k = 1

might capture the all physics of the 6d (2,0) thoeory on R × S5 when one includes the

Kaluza-Klein physics. Here, we restrict our interest to supersymmetric observables in both

5d and 6d theories. The supersymmetric observables in our theories are not sensitive to the

subtle UV physics that usually arises from 5d non-renormalizable theories, and they can be

exactly calculable involving non-perturbative sector. We believe these observables in our

theories exactly agree with those of 6d (2,0) theory at k = 1. We will argue later on that

for k = 2 case the number of supersymmetries of our 5d theories should be enhanced to 16.

For k = 3 case, only the 4 supersymmetric theory gets the supersymmetric enhancement

to 8. For k ≥ 4 case we do not expect any enhancement.

The supersymmetry of our 5d theories is a part of 6d superconformal symmetry and

so allows the definition of the superconformal indices in the 6d sense. Here we calculate

the conformal index in the large k or free theory limit for the 4 supersymmetric theory and

found that it matches exactly to what is expected.

There are three possibilities for our theory in the ultraviolet region: (1) UV finite

and complete, (2) UV non-finite but renormalizable, and (3) UV non-finite and non-

renormalizable. Unlike 5d SYM on R1+4 which has the dimensionful coupling with no

additional adjustable parameter, our theory has the unique discrete quantized coupling

constant with Chern-Simons term and also the weak coupling regime, and so has a better

chance to be UV finite. It would be fascinating to figure out whether this is the case.

The AdS7 × S4 geometry for the large N M5 branes is known [11] and a similar Zk
modding of this geometry would lead to the geometry corresponding to our theories. We

speculate that there are three regions of k: the M-theory region for 1 ≤ k . N1/3, the type

IIA region for N1/3 . k . N , and the high curvature region for N . k. Such division is

not concrete as the 11d circle radius, that is the dilation field, diverges at the boundary,

which is the UV region of the field theory. These regions could be meaningful in the interior

region of the AdS7 space.
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Our approach is inspired in part by the ABJM theory on M2 branes which has Zk
modding of the SO(8) R-symmetry [12]. However, our Zk modding is acting on both the

space S5 and the R2 part of the scalar field space R5. Our 5d theories are defined on a

compact space CP2 with SU(3) isometry instead of non-compact R4.

We note that 5d JFA type Chern-Simons term has appeared in refs. [13, 14] while

their setting is different from ours. There is another work by one of us (HK) and Seok Kim

where the index on M5 brane has been approached by the 5d Yang-Mills theory on S5 [15].

Not only a perturbative calculation on S5 is done explicitly there but also a conjecture on

instanton part has been provided. More relevant for the future work would be the index

calculation on S1 × S4 done recently for the 5d superconformal field theories [16]. There

are some related recent works [17–19] on the supersymmetric theories on S5.

A Myers’ term appears in our 5d theories. For 4 supersymmetric case with SU(N)

gauge group, one can have degenerate vacua which are characterized by supersymmetric

fuzzy spheres and the partition of N . This classical degeneracy of vacua could be regarded

as a blow up of D4 world volume from CP2 to CP2 × S2 and thus implies that some D6

brane giant gravitons contribute to the index. Such possibility raises many interesting

questions which we would leave as a future problem.

All the fields in our 5d theories belong to the adjoint representation of the gauge group

and the overall coupling constant is given as 1/g2YM = k/4π2r with natural number k and

the S5 radius r. These 5d theories, obtained after the Zk modding and the dimensional

reduction, have the weak coupling limit in large k and discrete coupling constants beside the

dimensionful factor r. The space CP2 is compact and so the energy spectrum is expected to

be discrete. The effective dimensionless coupling constant could be then discrete also. Our

5d theories might be ultraviolet complete when nonperturbative part is included. But our

theories are not defined on flat R1+4 with Lorentz symmetry and so the usual perturbative

expansion in momentum space is not available. The large k limit is the weak coupling limit

and the k = 1 limit is the strong coupling limit. For the SU(N) or U(N) theory, there is also

’t Hooft coupling constant λ = N/k. For large ’t Hooft coupling limit the corresponding

AdS geometry is obtained by the Zk modding of the AdS7 × S4 and somewhat complicated

as the boundary geometry is a Zk modding of the boundary geometry R× S5 × S4.

The index function for a conformal field theory is an important tool to explore the

theory [22–25]. The index function of the 6d (2,0) theory on S1 × S5 is one of the major

interests. The index for the U(1) theory on a single M5 has been done [26]. Our 5d theories

have both perturbative parts and instanton parts. In this work, we restrict ourself to just

the perturbative part of 4-supersymmetric case and find it to match with the known 1/2

BPS index on the single M5 brane [27].

The outline of this work is as follows. In section2 we start with the 6d abelian (2,0)

theory and do the twisted Zk modding and the dimensional reduction to obtain some

supersymmetric 5d Yang-Mills Chern-Simons theories on R× CP2. In section3 we explore

the properties of these theories, including the spectrum of the abelian theory. In section4

we introduce the index function and calculate it by the Euclidean path integral in the weak

coupling limit. In section5 we conclude with some remarks. In appendices we include the

properties of manifolds S5 and CP2 and the Killing spinors on them.
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2 5d supersymmetric theories on R × CP2

Let us start with the 6d abelian (2,0) theory on R1+5 for the field BMN , λ, φI(I =

1, 2, 3, 4, 5). The 3-form field strength H = dB should be selfdual H = ∗H. We start with

the supersymmetric action with additional spectator field H = −∗H which does not get in-

volved in the supersymmetric transformation [28]. The bosonic part of the superconformal

symmetry OSp(2, 6|2) is made of the SO(2, 6) conformal symmetry and Sp(2)R = SO(5)

R-symmetry. The conformal dimensions of H,λ, φI are 3, 5/2, 2, respectively. One does the

radial quantization of the theory and obtains the Lorentz signature action on R× S5. The

Cartan elements of the spatial rotation algebra SU(4) = SO(6) are made of j1, j2, j3 and

the Cartan elements of the Lie algebra Sp(2)R = SO(5) are made of R1, R2. The R1 rotates

the scalar fields φ1, φ2 and R2 rotates φ4, φ5. Spinor field λ belongs to 4 of SU(4) and 4

of Sp(2)R. Both the fermion field λ and supercharge Q transform identically under SU(4)

and Sp(2)R. In terms of roots ±ei ± ej , (i, j = 1, 2, 3) of SO(6), the spinor representations

4 and 4̄ of SU(4) are given by the weights (±e1 ± e2 ± e3)/2 with odd and even numbers

of minus signs, respectively.

Let us do the radial quantization of the (2,0) theory on R × S5. See the appendix A

for the metrics on S5 and CP2. The action on R× S5 is

S =

∫

R×S5

d6x
√
g
{

− 1

12
HMNPH

MNP − i

2
λ̄ΓM∇̂Mλ− 1

2
∂MφI∂

MφI −
2

r2
φIφI

}

. (2.1)

Here ∇̂M is the spinor covariant derivative on R×S5. From now on we put the S5 radius r to

be unity for the simplicity. The supersymmetric transformation for the tensor multiplet is

δBMN = −λ̄ΓMN ǫ = −ǭΓMNλ,

δφI = −λ̄ρIǫ = +ǭρIλ,

δλ = +
i

6
HMNPΓ

MNP ǫ+ i∂MφIΓ
MρIǫ− 2φIρI ǫ̃,

δλ̄ = − i

6
HMNP ǭΓ

MNP + i∂MφI ǭΓ
MρI − 2¯̃ǫρIφI . (2.2)

The Killing spinors ǫ should satisfy

∇̂M ǫ =
i

2r
ΓM ǫ̃, ΓM∇̂M ǫ̃ = 2iǫ, (2.3)

which can be partially solved by ǫ̃ = ±Γ0ǫ.

Note that

HMNPΓ
MNP ǫ =

1

2
(HMNP +∗HMNP )Γ

MNP ǫ, (2.4)

where

∗HMNP =
1

6
ǫMNPQRSH

QRS , ǫ0123456 = −1. (2.5)

Only the selfdual part H =∗H appears in the supersymmetry transformation. Thus the

anti-selfdual part of the field strength transform as

δ(HMNP −∗HMNP ) = iǭΓMNPΓ
Q∂Qλ, (2.6)

which vanishes on-shell.
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The metric for the five sphere is

ds2S5 = ds2
CP2

+ (dy + V )2, (2.7)

where y ∼ y + 2π. The Kähler form J is given by

J =
1

2
dV. (2.8)

We want to a Zk modding of the 6d (2,0) theory along the fiber direction with identification

y ∼ y +
2π

k
. (2.9)

The Killing spinors on S5 as shown in appendix B have nontrivial y-dependence and

the above Zk modding would remove them unless one introduces an additional twisting

along some direction of Sp(2)R = SO(5) R-symmetry. Let us consider the plus sign case

ǫ̃ = +Γ0ǫ. With the notation for the eigenspinors γ12ǫs1s2 = is1ǫ
s1s2 , γ34ǫs1s2 = is2ǫ

s1s2 ,

we group the 16 Killing spinors ǫ+ to the 4 and 12 spinors. The first group of the Killing

spinors is made of

(I) ǫ+ ∼ e−
i
2
t+ 3i

2
yǫ++

0 , (2.10)

with constant spinors ǫ++
0 which form a singlet of SU(3) isometry of CP2 and the fun-

damental representation of Sp(2)R = SO(5). The second group of the three independent

Killing spinors is made of

(II) ǫ+ ∼ e−
i
2
t− i

2
y(ǫ+−

1 , ǫ−+
2 , ǫ−−

3 ), (2.11)

where these are complicated CP2-dependent matrix linear combinations of three constant

spinors. They form a triplet of SU(3) isometry of CP2 and the fundamental representation

of Sp(2)R = SO(5). The exact form is not important here.

We want to cancel the y-dependence of the spinor parameter by introducing a twisting

of the spinor parameter along the R-symmetry direction. There are many inequivalent and

less supersymmetric choices. Here we focus on two choices for the simplicity and twist both

spinor and scalar fields to be consistent with the supersymmetric transformation.

The first choice is to introduce new variables

(I) ǫold = e−
3ρ45
2
yǫnew, λold = e−

3ρ45
2
yλnew, (φ4 + iφ5)old = e+3iy(φ4 + iφ5)new. (2.12)

This change of variables leads to

(I) ∂y → ∂y + 3iR2 (2.13)

on new variables. Here R2 is one of the Cartans of Sp(2)R = SO(5) R-symmetry. The

corresponding U(1)R2
transformation is φ4 + iφ5 → eiα(φ4 + iφ5) and λ→ e−

ρ45
2
αλ. Note

that the y-charges for all fermions are shifted by half-integers. Before the twisting, the

fermions originally have half-integers y-charges and thus they are anti-periodic under y →

– 5 –
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y + 2π. So the original fermionic modes in 6d (2,0) theory are all projected out by Zk
modding. The twisting provides to the fermionic modes extra half-integer shifts of y-

charges (new fermions all become periodic under y → y+2π), that makes some of fermionic

modes survive under the Zk quotient. The new spinor parameter has the y-dependence as

e3(i+ρ45)y/2ǫ++
0 , and so we choose the constant spinor to satisfy ρ45ǫ0 = −iǫ0 to remove the

y-dependence. This supersymmetry would survive under the Zk modding. The possible

R1-charge of allowed ǫ+ spinors is the eigenvalues ±i of ρ12. As ǫ− is a complex conjugate,

there would be four surviving supersymmetries in the first case after Zk modding.

The second one is to introduce new variables so that

(II) ǫold = e+
ρ45
2
yǫnew, λold = e+

ρ45
2
yλnew, (φ4 + iφ5)old = e−iy(φ4 + iφ5)new. (2.14)

This leads to the change of the derivative ∂y on new fields to

(II) ∂y → ∂y − iR2. (2.15)

The y-dependence of the Killing spinors ǫ+ can be removed once ρ45ǫ+ = −iǫ+. These

two triplets of Killing spinors ǫ+ with eigenvalue of ρ12 = ±i would survive under the Zk
modding and so the resulting theory would have 12 supersymmetries. One can rewrite

6d action using these new variables and see that the 6d kinetic terms provide extra mass

terms to the R2-charged fields, φi=4,5, λ, such as

(I) − 1

2
∂Mφi∂

Mφi−
i

2
λ̄ΓM∇̂Mλ→−1

2
∂Mφi∂

Mφi−
9

2r2
(φi)

2− i

2
λ̄ΓM∇̂Mλ+

3i

4r
λ̄Γ5ρ45λ ,

(II) − 1

2
∂Mφi∂

Mφi−
i

2
λ̄ΓM∇̂Mλ→−1

2
∂Mφi∂

Mφi−
1

2r2
(φi)

2− i

2
λ̄ΓM∇̂Mλ−

i

4r
λ̄Γ5ρ45λ

(2.16)

The Zk modding of the new spinor and scalar fields is given to be

(I) λ(y)old ∼ e−
3πρ45

k λ

(

y +
2π

k

)

old

, (φ4 + iφ5)(y)old ∼ e+
6πi
k (φ4 + iφ5)

(

y +
2π

k

)

old

,

(II) λ(y)old ∼ e+
πρ45

k λ

(

y +
2π

k

)

old

, (φ4 + iφ5)(y)old ∼ e−
2πi
k (φ4 + iφ5)

(

y +
2π

k

)

old

.

(2.17)

Such consistent Zk modding of the 6d (2,0) theory reduces the degrees of freedom and the

number of supersymmetries. Still we do not know the exact form of the resulting 6d theory.

Let us now do the dimensional reduction of the 6d (2,0) abelian theory to 5d by

requiring the new field variables to be independent of y. Then the y-independent new spinor

and scalar fields are invariant under the Zk modding and so are allowed. For the two-form

tensor field, we can either do the dimensional reduction with identification Hµν5 ∼ Fµν ,

or find the gauge kinetic term by the supersymmetry completion. As we found the y

independent Killing spinors for the superconformal transformation, the supersymmetric

transformation under these Killing spinors will not introduce additional y dependence

between the fields. This Zk modding in large k limit would shrink the circle fiber size

relative to R× CP2 size and so the theory would become more close to the 5d theory.
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We first consider only the action for the scalar and spinor fields and then fix the

the gauge kinetic term to complete the supersymmetry for the abelian case. Then one

generalizes the theory to the nonabelian case. Only subtlety is the right normalization

for the coupling constant. For both cases we argue in the next section that the 5d gauge

coupling constant is given by

1

g2YM
=

k

4π2r
, (2.18)

where r is the radius of the S5 sphere and is regard as unity as it is only length scale of

the theory. Unlike the physics on R1+4×S1, the energy spectrum E on the compact space

CP2 to be discrete and E ∼ n/r and so the dimensionless coupling constant g2YME to be

discrete also. The theory becomes weakly coupled in large k limit. As the fields are in the

adjoint representation of the gauge group, one expects the presence of ’t Hooft coupling

constant

N

k
(2.19)

for U(N) gauge theory.

To be more concrete, we use the four-component notation for the 5d spinors as given

in appendix A. The symplectic reality condition becomes

λ = BCλ∗, ǫ = BCǫ∗. (2.20)

The Killing spinor equation for the y-independent new spinor parameter ǫnew becomes

∂tǫ =
i
2γ0ǫ̃, Dmǫ = − i

2Jmnγ
nǫ+ i

2γmǫ̃, (2.21)

where m = 1, 2, 3, 4. These spinor variables satisfy additional conditions for two cases:

(I) ρ45ǫ+ = −iǫ+, Dm = ∇m +
3ρ45
2
Vm, ǫ̃ = −

[

3ρ45 +
1

2
Jmnγ

mn
]

ǫ,

(II) ρ45ǫ+ = −iǫ+, Dm = ∇m − ρ45
2
Vm, ǫ̃ =

[

ρ45 −
1

2
Jmnγ

mn
]

ǫ, (2.22)

where ∇m is the spinor covariant derivative on CP2. The U(1) rotation by R2 is deformed

to a U(1)′R due to the twisting for both cases.

The resulting 4 supersymmetric nonabelian 5d action on R× CP2 for the first case is

SI =
k

4π2

∫

R×CP2

d5x
√

|g| tr
[

− 1

4
FµνF

µν +
1

2
√

|g|
ǫµνρσηJµν

(

Aρ∂σAη −
2i

3
AρAσAη

)

− 1

2
DµφID

µφI +
1

4
[φI , φJ ]

2 − iǫabcφa[φb, φc]− 2φ2a −
13

2
φ2i

− i

2
λ̄γµDµλ− i

2
λ̄ρI [φI , λ]−

1

8
λ̄γmnλJmn +

3

4
λ̄ρ45λ

]

,

(2.23)
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where I = 1, 2, 3, 4, 5, a = 1, 2, 3, i = 4, 5 and

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ],

Dµφa = ∂µφa − i[Aµ, φa],

Dµφi = ∂µφi − i[Aµ, φi] + 3Vµǫijφj ,

Dµλ =

[

∂µ +
1

4
ωρσµ γρσ +

3

2
Vµρ45

]

λ− i[Aµ, λ]. (2.24)

Note that J0m = 0 and Jmn is the Kähler 2-form on CP2. The supersymmetric transfor-

mation is

δAµ = +iλ̄γµǫ = −iǭγµλ,
δφI = −λ̄ρIǫ = ǭρIλ,

δλ = +
1

2
Fµνγ

µνǫ+ iDµφIρIγ
µǫ− i

2
[φI , φJ ]ρIJǫ− 3ǫijφiρjǫ− 2φIρI ǫ̃. (2.25)

The supercharge Q is a singlet under SU(3) isometry of CP2 and a doublet under SU(2)R
with nontrivial U(1)′R charge. Thus the supergroup behind the first superconformal model

would be SU(1|2).
The 12 supersymmetric 5d action on R× CP2 for the second case is

SII =
k

4π2

∫

R×CP2

d5x
√

|g| tr
[

− 1

4
FµνF

µν +
1

2
√

|g|
ǫµνρσηJµν

(

Aρ∂σAη −
2i

3
AρAσAη

)

− 1

2
DµφID

µφI +
1

4
[φI , φJ ]

2 +
i

3
ǫabcφa[φb, φc]− 2φ2a −

5

2
φ2i

− i

2
λ̄γµDµλ− i

2
λ̄ρI [φI , λ]−

1

8
λ̄γmnλJmn −

1

4
λ̄ρ45λ

]

,

(2.26)

where I = 1, 2, 3, 4, 5, a = 1, 2, 3, i = 4, 5 and

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ],

Dµφa = ∂µφa − i[Aµ, φa],

Dµφi = ∂µφi − i[Aµ, φi]− Vµǫijφj ,

Dµλ =

[

∂µ +
1

4
ωρσµ γρσ −

1

2
Vµρ45

]

λ− i[Aµ, λ]. (2.27)

The supersymmetric transformation is

δAµ = iλ̄γµǫ = −iǭγµλ,
δφI = −λ̄ρIǫ = ǭρIλ,

δλ = +
1

2
Fµνγ

µνǫ+ iDµφIρIγ
µǫ− i

2
[φI , φJ ]ρIJǫ+ ǫijφiρjǫ− 2φIρI ǫ̃. (2.28)

The supercharge Q is a triplet under SU(3) isometry of CP2 and a doublet under SU(2)R
with nontrivial U(1)′R charge. Thus the supergroup behind the second superconformal

model would be SU(3|2).
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3 Properties of the 5d theories

There are several properties of these 5d theories we like to focus in this section. While we

will not explore in detail in the present work, instantons in our theories would play the

Kaluza-Klein modes for the circle fiber as the case in the maximally supersymmetric 5d

Yang-Mills theory on R5.

The instanton number on CP2 is

ν =
1

8π2

∫

CP2

Tr(F ∧ F ) = 1

16π2

∫

CP2

d4x
√

|g| TrFµνF̃µν . (3.1)

The eigenvalue of the Hamiltonian of the 6d (2,0) theory on R× S5 for an eigenstate is

the conformal dimension of the corresponding operator. Similarly the Hamiltonian for our

5d theories would have the conformal dimensions as the eigenvalues. The abelian scalar

field harmonics on S5 is discussed in detail in later part of this section which shows that

the lowest conformal dimension for the untwisted scalar field φa is two as expected. Upon

Zk modding, first nontrivial Kaluza-Klein modes start with conformal dimension k + 2.

Such KK modes along the circle fiber is supposed to be represented by instantons in the

5d theory. As a single instanton has mass 4π2/g2YM with our normalization 1/(4g2YM )TrF 2

where F is N × N hermitian matrix valued two-form for U(N) gauge group and the KK

modes has the additional mass k, the inverse coupling coefficient 1/g2YM is chosen to be

k/4π2. Instantons on CP2 have been explored in ref. [29]. It would be interesting to

consider their work in our index calculation context.

While we do not have an argument for the quantization of the Chern-Simons term

in the 3d sense, there is a simple argument in the 1d sense. Let us consider the abelian

case with the spatial part of the vector potential A = V so that F = dA = 2J , which

has half instanton number and has 2π flux on non-contractiable two cycles of CP2. The

Chern-Simons term in this background becomes

k

4π2

∫

R×CP2

d5x
1

2
ǫµνρσηJµν∂ρAσAη ⇒

∫

dt kA0 (3.2)

The Chern-Simons level k for this 1d U(1) theory is again integer quantized as expected.

The quadratic Chern-Simons term has been noted before [13, 14]. A beautiful argument

in ref. [13] is that the y independent field equation for the 3-form tensor field on R×S5 leads

naturally to the presence of the quadratic Chern-Simons term. Another argument is that

the instantons are KK modes along the fiber direction and KK gauge field Vpdx
p is a gauge

field on CP 2 space with magnetic field 2J . Whenever the instanton moves, it feels the

background magnetic field and so the interaction term should be proportional to Vpdx
p/dt

where xp is the position of a point like instanton on CP 2. The natural field theoretic

expression is then the Chern-Simons term. It would be interesting to find more argument

to support our choice of the coupling constant. The full effect of this Chern-Simons term

is not clear at this moment.

The strongest coupling occurs for the k = 1 case. For this value, there is no Zk
modding and so the supersymmetry should be enhanced to the maximal value 32 with

OSp(8|2) supergroup. For larger k, the story is more complicated. Let us examine the
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6d Killing spinors after twisting but before dimensional reduction. Their dependence on

the fiber direction y would be depending on the R2 charge. For the four supersymmet-

ric case (I), SU(3) singlet Killing spinors get split to ǫ+ ∼ e−it/2+0y, eit/2+3iy and SU(3)

triplet Killing spinors get split to ǫ+ ∼ e−
i
2
t−2iy, e−

i
2
t+iy depending on R2 charge. Upon

the dimensional reduction, only y-independent modes and Killing spinors are realized ex-

plicitly. For the k = 1 case, all KK modes would be realized non-perturbatively and so are

nontrivial Killing spinors. For the k = 2 case, the half of the triplet Killing spinors with

even y momentum should be realized non-perturbatively in our 5d theory, and the total

number of supersymmetries should be enhanced to 16. For the k = 3 case, another half

of the singlet Killing spinors can be realized non-perturbatively instead, and so the total

number of supersymmetries would get enhanced to 8. For the k ≥ 4, any supersymmetry

enhancement is not expected. For the 12 supersymmetric case (II), SU(3) triplet Killing

spinors get split to ǫ+ ∼ e−
i
2
t+0y, e−

i
2
t−iy and SU(3) singlet Killing spinors get split to

ǫ+ ∼ e−
i
2
t+2iy, e−

i
2
t+iy. For k = 2 of this case, the half of singlet Killings spinors can be

also realized and so the total supersymmetry would be 16. But there would be no more

supersymmetry enhancement for k ≥ 3.

One could ask whether instantons and anti-instantons without any other fields turned

on are BPS in our 5d theories. Here we just consider the selfdual or anti-selfdual gauge

field strength, leaving the study of the instanton solution itself to the next paper. For the

first case (I), we note that γ1234ǫ = −ǫ and only anti-instantons can be BPS. For the second

case (II), both instantons and anti-instantons can be BPS. The amount of preserved super

symmetries is interesting also. For the first case the anti-instantons preserve all of 4 susy.

For the second case the anti-instantons preserve 4 susy and instantons preserve 8 susy.

While the instanton mass fixes the coupling constant, its 6d field theoretic origin can

be read as follows:

S6d =

∫

R×S5
d6x

√
g
(

− 1

2
∂µ(φI)6d∂

µ(φI)6d + · · ·
)

→ S5d =
2πr

k

∫

R×CP2

d5x
√
g
(

− 1

2
∂µ(φI)6d∂

µ(φI)6d + · · ·
)

→ S5d =
k

4π2r

∫

R×CP2

d5x
√
g
(

− 1

2
∂µ(φI)5d∂

µ(φI)5d + · · ·
)

(3.3)

with the mass dimension for the 6d field φI being two and the mass dimension for the final

5d field φI being one. The scalar field is rescaled so that

(φI)5d =
2π

√
2πr

k
(φI)6d. (3.4)

There is a Meyer’s term in the potential which leads to nontrivial vacuum structure

only for the first case. The classical supersymmetric vacua are given by the fuzzy 2-spheres

which are given by the vacuum equation

(I) − i[φa, φb] = 2ǫabcφc. (3.5)

Naively, they would be D4 brane blown up to D6 brane whose world volume topology is

R×CP2×S2, and there would be corresponding giant graviton solutions. The exact nature

of these vacua and their role will be explored in future.
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The Gauss law in the U(1) theory implies

k

4π2
DmF

m0 +
k

4π2
e0mnpqJmnFpq = 0. (3.6)

Total charge should be zero in the compact CP 2. As J is selfdual, the anti-selfdual flux

F ∼ e1 ∧ e2 − e3 ∧ e4 (3.7)

seems possible without violation of the Gauss law but it does not satisfy dF = 0. The

selfdual configuration F = 2J in the abelian theory with the instanton number one half

is not allowed due to the Gauss law without excitation of other fields. In nonabelian

theories, there could be other charged matter fields and so the Gauss law could be satisfied

nontrivially. There may be some monopole-like operator as in 3d case [25].

While the second case has more supersymmetries, the first case is simpler as the Killing

spinor is constant spinor on CP2. We will focus on the first case from now on. Still, it is

hard to penetrate the detail physics of the theory yet. We do not see any restriction on

the gauge group unlike the 6d theory [1, 2].

Let us briefly mention the spectrum of the theory for first type (I) for abelian case.

The detail spectrum for the scalar and fermion fields on S5 is given in [15]. As the index

calculation in the next section provides the detail of the spectrum on CP2, here we just

focus on the scalar field spectrum. The spectrum of a scalar field of conformal dimension

2 on R× S5 has the mass

(−∇2
S5 + 4)Y ℓ1,ℓ2 = (ℓ1 + ℓ2 + 2)2Y ℓ1,ℓ2 , −i∂yY ℓ1,ℓ2 = (ℓ1 − ℓ2)Y

ℓ1,ℓ2 . (3.8)

The highest weight of the given irreducible representation Y ℓ1,ℓ2 would be ℓ1w1 + ℓ2w2

with two fundamental weights w1, w2 of SU(3). The dimension of the representation of the

highest weight (ℓ1, ℓ2) is (ℓ1+1)(ℓ2+1)(ℓ1+ℓ2+2)/2. For φ1,2,3 fields, there is no twisting.

Zk modding puts the constraints ℓ1 − ℓ2 = kn with integer n. The y-independent mode

with Y ℓ,ℓ has the spectrum on CP 2 as

(−∇2
CP2 + 4)Y ℓ,ℓ = 4(ℓ+ 1)2Y ℓ,ℓ, (3.9)

with the degeneracy (ℓ+1)3. Note that the conformal dimension of this mode is ε = 2ℓ+2

and so it starts from 2 as we expect for the scalar field in the 6d theory. The first KK mode

would with either (ℓ1, ℓ2) = (k, 0) or (0, k). Both of them have the conformal dimension

ε = k + 2 with degeneracy (k + 1)(k + 2)/2.

The twisted mode φ4+iφ5 has more complicated y-independent modes and KK modes.

The y independent mode is given by Y ℓ,ℓ+3 or Y ℓ+3,ℓ with conformal dimension ε = 2ℓ+5.

One can do the similar analysis for the fermion field whose conformal dimension on CP 2

starts from ε = 5/2 as expected for the 6d fermion. The vector field analysis done in

next section shows that its conformal dimension on CP2 starts from ε = 4 not 3 which

is expected for the three-form tensor field in 6d. There may be no constant three form

among the harmonics on S5. Instantons with perturbative effects should reproduce the KK

modes. We hope to come back to these issues near future.
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4 Superconformal index

We will now define the superconformal index on 6d (2,0) theory and analyze its properties

upon the Zk modding introduced in section 2. Later we will relate this index with the 5d

index on R× CP2. The full 6d index would be obtainable from 5d computation involving

the non-perturbative instanton states. The superconformal index encodes the spectrum

of BPS states of the radially quantized theory on R× S5. More precisely, the index we

will define shortly counts the BPS states annihilated by a chosen supercharges Q and its

conjugate S among 32 supercharges in 6d. The chosen supercharge Q satisfies the algebra

{Q,S} = ε− j1 − j2 − j3 + 2R1 + 2R2 ≡ ∆, (4.1)

and hence the index will count BPS states saturating the bound ∆ = 0. Here the super-

charge Q has charges as j1 = j2 = j3 = −1
2 , R1 = R2 = −1

2 .

The superconformal index of the (2,0) theory is defined as

I(x, y1, y2, q) = tr
[

(−1)Fxε+R1yj1−j21 yj2−j32 qj
]

, (4.2)

where x=e−β, y1=e
−iγ1 , y2=e

−iγ2 denote the chemical potentials for the Cartan generators

of the subalgebra commuting with Q, and j = j1 + j2 + j3 − 3R2. This index for a single

M5-brane and its gravity dual theory at large N are studied in [26]. As the abelian (2,0)

theory is free, one can easily compute the index for the single M5-brane theory by reading

off BPS letters from the field content of the (2,0) theory. The index of the U(1) (2,0) theory

is given by the Plethystic exponential of the single letter index f

I = exp

[

∞
∑

n=1

1

n
f(xn, yni , q

n)

]

,

f(x, y1, y2, q) =
x+ x2q3 − x2q2(1/y1 + y1/y2 + y2) + x3q3

(1− xqy1)(1− xqy2/y1)(1− xq/y2)
. (4.3)

The denominator comes from the derivatives, the first two terms of the numerator come

from the scalar fields, three minus terms in the numerator come from the fermion fields,

and the last term in the numerator comes from the fermion field equation. There is no

contribution from the two-form tensor field. One interesting limit of this index is to take

q → 0 limit where the index reduces to the half-BPS index that is the index function of

half-BPS states (preserving 16 supersymmetries). In this limit, the letter index simply

becomes f = x and it reflects that only a single complex scalar φ1 − iφ2 contributes to the

index. The AN−1 non-abelian version of the half-BPS index [27] is already given by

I1/2−BPS =
N
∏

m=1

1

1− xm
. (4.4)

This is the index we will reproduce in this section by calculating the perturbative part of

the corresponding Euclidean path integral on S1 × CP2.

Now we turn to the Zk modding of the superconformal index. We introduced in

section 2 the Zk quotient along the circular fiber direction y twisted by R2 rotation. The
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j corresponds to the rotation of this twisted y direction. The modding leaves only the Zk
singlet states carrying j = kn (n ∈ Z) charges and truncates all other states. Accordingly,

the index of the 6d theory with Zk quotient is defined as

IZk
= tr

[

(−1)Fxε+R1yj1−j21 yj2−j32 qj
]∣

∣

∣

j=kn
. (4.5)

When k = 1, it reproduces the index for the (2,0) theory discussed above. On the other

hand, at infinite k limit or zero coupling limit, all the KK states with non-zero j charge

are truncated and the index reduces to the 5d index counting the BPS states of the free

theory on R× CP2. This limit is achieved by taking q → 0 limit in the index computation.

Here, we note that this index at infinite k coincides with the half-BPS index (4.4) as two

limits are achieved identically by q → 0.

We expect that the 5d index including the non-perturbative instanton states can re-

produce the full 6d superconformal index. The 5d theory of the first case (I) introduced in

section 2 preserves the same supercharge Q used to define the 6d index, and, therefore, we

can define the 5d index in the same way as the 6d index (4.2). The perturbative states in 5d

theory correspond to the j singlet modes while the instanton states realize the KK states

with non-zero j charge. We thus identify the instanton number with the KK momentum

number j.

The index can be considered as the Euclidean path integral of the 5d theory on

S1 × CP2

I(x, yi, q) =

∫

S1×CP2

DΨe−S
E
I
[Ψ]. (4.6)

The twisted boundary condition along the time circle S1 of radius βr is considered. The

Euclidean version of the action (2.23) is given by

SEI =
k

4π2r

∫

S1×CP2

d5x
√

|g| tr
[

1

4
FµνF

µν +
i

2
ǫµνλρσJµν

(

Aλ∂ρAσ −
2i

3
AλAρAσ

)

+
1

2
DµφID

µφI −
1

4
[φI , φJ ]

2 +
i

r
ǫabc[φa, φb]φc +

2

r2
(φa)

2 +
13

2r2
(φi)

2

− i

2
λ†γµDµλ− i

2
λ†ρI [λ, φI ]−

1

8r
λ†Jµνγ

µνλ+
3

4r
λ†ρ45λ

]

, (4.7)

where the fermion λ is subject to the reality condition λ = BCλ∗ and the radius r of S5 is

introduced again. The twisted boundary condition shifts the time derivative such as

∂τ → ∂τ −
β

βr
R1 −

iγ1
βr

(j1 − j2)−
iγ2
βr

(j2 − j3), (4.8)

and, from now on, we consider the time derivatives as this shifted one. The action is

invariant under the supersymmetry transformation

δφI = −λ†ρIǫ,
δAµ = −iλ†γµǫ,

δλ =
1

2
Fµνγ

µνǫ− iDµφIγ
µρIǫ−

i

2
[φI , φJ ]ρIJǫ+

3

r
ǫijφiρjǫ−

2i

r
φIρI ǫ̃. (4.9)
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The supersymmetry parameter ǫ satisfies the conditions

Dµǫ = − i

2r
Jµνγ

νǫ+
1

2r
γµǫ̃,

3

2
ρ45ǫ = −1

4
Jµνγ

µνǫ+
i

2
ǫ̃, ǫ̃ = iρ45γτ ǫ, (4.10)

and we found four solutions to these conditions,

γ12ǫ+ = γ45ǫ+ = −ρ45ǫ+ = iǫ+, (4.11)

and its conjugation ǫ− = BCǫ∗+. It turns out that the four Killing spinors are convariantly

constant on CP2

Dmǫ± = 0 (m = 1, 2, 3, 4). (4.12)

We would like to evaluate the superconformal index using the localization technique.

The localization would lead to the path integral over the instanton configuration on CP2

base. We leave the calculation of the nonperturbative instanton contributions for future

work.

At infinite k, the gaussian integral of the quadratic equations produces the exact

result. For convenience, let us divide the field content to a vector multiplet and an adjoint

hypermultiplet (though there is no notion of the hypermultiplet as the theory preserves only

4 supercharges). We first pick up a complex supercharge Q corresponding to ρ12ǫ = −iǫ
and decompose the spinors as

ǫ =

(

ǫ−
ǫ+

)

⊗
(

1

0

)

, λ =

(

χ1

χ2

)

⊗
(

1

0

)

+

(

ψ1

ψ2

)

⊗
(

0

1

)

. (4.13)

Then the vector multiplet consists of Aµ, χ, φ3 and the hypetmultiplet consists of two

complex scalar qA and a complex fermion ψ defined as

q1 ≡
1√
2
(φ4 − iφ5), q2 ≡

1√
2
(φ1 + iφ2), ψ ≡ ψ2. (4.14)

The action with the new fields becomes

SEI =
k

4π2r

∫

R×CP2

d5x
√

|g| tr
[

1

4
FµνF

µν +
i

2
ǫµνλρσJµν

(

Aλ∂ρAσ −
2i

3
AλAρAσ

)

+
1

2
Dµφ3D

µφ3 + |Dµq
A|2 + 2

r2
(φ3)

2 +
4

r2
|q2|2 + 13

r2
|q1|2

+|[φ3, qA]|2 +
1

2
|[qA, q̄A]|2 +

1

2
(σI)AB(σ

I)CD[q
B, q̄A][q

D, q̄C ]−
6

r
φ3[q

2, q̄2]

− i

2
χ†γµDµχ− iψγµDµψ − 1

8r
χ†Jµνγ

µνχ− 1

4r
ψ†Jµνγ

µνψ +
3i

4r
χ†σ3χ+

3i

2r
ψ†ψ

− i

2
χ†[φ3, χ] + iψ†[φ3, ψ] +

√
2iψ†[χA, q

A]−
√
2i[q̄A, χ

†]ψ

]

, (4.15)

where σI=1,2,3 are the Pauli matrices.

Before performing the path integral, let us first fix the gauge following [22, 23]. We

choose the Coulomb gauge DmAm = 0 and impose the residual gauge fixing condition as
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d
dτ α = 0 where α ≡ 1

ω
CP2

∫

CP 2 Aτ is the s-wave component (or holonomy) of Aτ . The

holonomy α is the only zero mode of the quadratic action. The residual gauge fixing

introduces the Haar measure to the path integral. Thus the index at large k becomes the

integral of the 1-loop determinant by the holonomy α

I =
1

N !

∫ N
∏

i=1

[

dαi
2π

] N
∏

i<j

[

2 sin

(

αi − αj
2

)]2

× I1−loop. (4.16)

To obtain the 1-loop determinant, we will use the various CP2 harmonics carrying

electric charges R2. Some of them are constructed in [15, 32]. Let us first focus on the

scalars in the hypermultiplet. The scalars have the following quadratic terms

q̄1

[

−D2
τ −DmDm +

13

r2

]

q1 + q̄2

[

−D2
τ −DmDm +

4

r2

]

q2, (4.17)

where the time derivative is

Dτ = ∂τ − i[α, ]− β

βr
R1 −

iγ1
βr

(j1 − j2)−
iγ2
βr

(j2 − j3). (4.18)

We need to use the charged SU(3) harmonics Y l+3R2,l if R2 > 0 or Y l,l+3|R2| if R2 < 0

according to R2 charges of the scalar fields. Here, the charged harmonics Y l1,l2 carries R2

charge l1−l2
3 . Then the corresponding harmonics are Y l,l+3 for q1 and Y l,l for q2 respectively,

and they diagonalize the quadratic equation. The 1-loop determinant of the hyper scalars

becomes

detH,b =
∏

α∈root

∞
∏

l=0

∏

m1,m2∈(l,l+3)

sin

(

α+miγi + i(2l + 5)β

2

)

sin

(

α+miγi − i(2l + 5)β

2

)

×
∏

α∈root

∞
∏

l=0

∏

m1,m2∈(l,l)

sin

(

α+miγi + i(2l + 1)β

2

)

sin

(

α+miγi − i(2l + 3)β

2

)

.

(4.19)

where miγi = m1γ1+m2γ2 and mi denote the two Cartan charges of (l1, l2) representation

of SU(3) isometry.

For the complex fermion ψ, we introduce the four spinor basis on CP 2

Ψ1 = Y l,l+3ǫ+ , Ψ2 = γτγmDmY
l,l+3ǫ+ , Ψ3 = Y l,lǫ− , Ψ4 = γτγmDmY

l,lǫ−,(4.20)

where Y l1,l2 is the charged SU(3) harmonics defined above. These four basis can diagonalize

the fermion quadratic action

ψ†

[

−iγτDτ − iDmγm − 1

4r
Jmnγ

mn +
3i

2r

]

ψ . (4.21)
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One then obtains the 1-loop determinant for the fermion field in the hypermultiplet

detH,f =
∏

α∈root

∞
∏

l=0

∏

m1,m2∈(l,l+3)

sin

(

α+miγi+i(2l+5)β

2

)

sin

(

α+miγi−i(2l+5)β

2

)

× sin

(

α− 3iβ

2

)

∏

α∈root

∞
∏

l=1

∏

m1,m2∈(l,l)

sin

(

α+miγi+i(2l+1)β

2

)

sin

(

α+miγi−i(2l+3)β

2

)

.

(4.22)

The first line corresponds to the 1-loop determinant from Ψ1,Ψ2 and the second line is

from Ψ3,Ψ4. Combining the complex scalar and the fermion contributions, the final 1-loop

determinant of the hypermultiplet is given by

detH,f
detH,b

=
∏

α∈root

1

sin
(

α+iβ
2

) = xε0exp





∞
∑

n=1

N
∑

i,j

1

n
xneniαij



 . (4.23)

where ε0 =
1
2N

2 is the Casimir energy for the hypermultiplet.

Let us move on to the vectormultiplet contribution. It is straightforward to compute

the fermionic contribution by using the same spinor basis (4.20). The quadratic equation

for χ1 is given by

(χ1)†
[

−iγτDτ − iγmDm − 1

4r
Jmnγ

mn +
3i

2r

]

χ1. (4.24)

The corresponding 1-loop determinant becomes

detV,f =
∏

α∈root

∞
∏

l=0

∏

m1,m2∈(l,l+3)

sin

(

α+miγi+i(2l+6)β

2

)

sin

(

α+miγi−i(2l+4)β

2

)

× sin

(

α− 2iβ

2

)

∏

α∈root

∞
∏

l=1

∏

m1,m2∈(l,l)

sin

(

α+miγi+i(2l+2)β

2

)

sin

(

α+miγi−i(2l+2)β

2

)

.

(4.25)

The first line is again the 1-loop determinant of Ψ1,Ψ2 and the second line is from Ψ3,Ψ4.

The quadratic action of the vector field is

1

2
FµνF

µν + iǫµνλρσAµ∂νAλJρσ = (DmAτ )
2 + 2Aτ∂τDmA

m

−Am
(

D2
τδ
m
n +D2δmn −DmDn − 6

)

An

+4iAτDmAnJ
mn − 2iAmDτAnJ

mn. (4.26)

We find that the following vector harmonics form the complete basis of the 5 vector com-

ponents

Aτ = Y l,l, A1
m = DmY

l,l , A2
m = JmnD

nY l,l, A3
m = ǫ†−γmγ

nDnY
l,l+3ǫ+. (4.27)

Here, Aτ ,A1,A2 are real vectors and A3 is a complex vector. As we have already taken

into account the zero mode of Aτ , which gives the holonomy α and Haar measure of the
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gauge group, the range of the harmonics Y l,l is therefore l > 0. Under the Coulomb gauge

DmAm = 0, we can turn off the modes corresponding to A1
m. The other two real vectors

Aτ ,A2
m mix each other in the quadratic action. Taking into account the determinant factors

from the gauge fixing procedure, we obtain the 1-loop determinant for the real vectors

∏

α∈root

∞
∏

l=1

∏

m1,m2∈(l,l)

[

sin

(

α+miγi + i(2l + 2)β

2

)

sin

(

α+miγi − i(2l + 2)β

2

)]
1

2

. (4.28)

The complex vector A3 is an eigenvector of the quadratic equation (4.26) and its 1-loop

determinant is

∏

α∈root

∞
∏

l=0

∏

m1,m2∈(l,l+3)

sin

(

α+miγi + i(2l + 6)β

2

)

sin

(

α+miγi − i(2l + 4)β

2

)

. (4.29)

We then collect the fermion and the vector contributions as well as the contribution from a

scalar field φ3. After the huge cancellation between the fermionic and bosonic contributions,

we finally find that the 1-loop determinant of the vector multiplet is trivial

detV,f
detV,b

= 1. (4.30)

Combining the contributions from the vector and the hypermultiplet, we obtain the

following superconformal index at infinite k

I(x, y1, y2)k→∞ =
xε0

N !

∫ N
∏

i=1

[

dαi
2π

] N
∏

i<j

[

2 sin

(

αi − αj
2

)]2

exp





∞
∑

n=1

∑

i,j

1

n
xneniαij





= xε0
N
∏

m=1

1

1− xm
. (4.31)

It follows that the index receives the contributions from the states formed by a single letter

φ1 − iφ2. This result agrees with the 6d superconformal index at infinite k and, therefore,

agrees with the half-BPS index (4.4). We believe that the full superconformal index at

finite k can be calculated by including the instanton contribution.

5 Supergravity

Let us briefly consider the AdS7 × S4 geometry corresponding to the 6d (2,0) theory [11].

In case we need the complete AdS7 geometry with S5 boundary. The maximally super-

symmetric AdS7 × S4 geometry is

ds2 = R2(− cosh2 ρdt2 + dρ2 + sinh2 ρds2S5) +
1

4
R2ds2S4 ,

F4 ∼ Nǫ4, R/ℓp = 2(πN)1/3. (5.1)

The 5d unit sphere and 4d unit sphere are modded by

S5 × S4

Zk
. (5.2)
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The metrics on S5 and S4 are, respectively,

ds2S5 = ds2CP 2 + (dy′ + V )2,

ds2S4 = dϑ2 + sin2 ϑdχ′2 + cos2 ϑdsS2 . (5.3)

where χ′ is the phase corresponding to the phase of φ4 + iφ5 and dV = 2J is the Kähler

2-form on CP2. The Zk modding for the first and second cases are

(I) (y′, χ′) ∼ (y′, χ′) +
2π

k
(1, 3),

(II) (y′, χ′) ∼ (y′, χ′) +
2π

k
(1,−1). (5.4)

Let us focus on the first case with the change of coordinates to

y′ =
y

k
, χ′ = χ+

3y

k
, (5.5)

with y ∈ [0, 2π] and χ ∈ [0, 2π]. The geometry becomes

ds2 = R2

[

− cosh2 ρdt2 + dρ2 + sinh2 ρds2CP 2 +
1

k2
sinh2 ρ(dy + kV )2

]

+
R2

4

[

dϑ2 + sin2 ϑ

(

dχ+
3dy

k

)2

+ cos2 ϑds2S2

]

,

F ∼ N

(

VS4 +
3

k
sinϑ cos2 ϑ dϑ ∧ dy ∧ VS2

)

, (5.6)

where

VS4 = sinϑ cos2 ϑ dϑ ∧ dχ ∧ VS2 . (5.7)

where VS2 is the volume form of a unit 2-sphere.

The corresponding Type IIA geometry can be obtained by the relation:

ds211 = e−2σ/3ds210 + e4σ/3(dy +A)2,

F 4
11 = e4σ/3F 4

10 + eσ/3F 3
10 ∧ dy. (5.8)

Some of NS-NS fields of σ, gMN , BMN and R-R fields Cµ, Cµνρ are nonvanishing as

CMdx
M = A and eσ/3F 3

10 = eσ/3dB = 3N
k sinϑ cos2 ϑdϑ ∧ VS2 . The metric (5.6) con-

taining (dy + kV )2 and (dχ+ 3dy/k)2 becomes

R2

4k2
(4 sinh2 ρ+ 9 sin2 ϑ)(dy +A)2 +

R2 sinh2 ρ sin2 ϑ

4 sinh2 ρ+ 9 sin2 ϑ
(dχ− 3V )2, (5.9)

where

A = k
4 sinh2 ρ V + 3 sin2 ϑdχ

4 sinh2 ρ+ 9 sin2 ϑ
. (5.10)
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Thus the relation (5.8) implies

e4σ/3 =
R2

4k2
(4 sinh2 ρ+ 9 sin2 ϑ), (5.11)

and

e−2σ/3ds210 =+R2[− cosh2 ρdt2 + dρ2 + sinh2 ρds2CP 2 ]

+
R2

4
(dϑ2 + cos2 ϑds2S2) +

R2 sinh2 ρ sin2 ϑ

4 sinh2 ρ+ 9 sin2 ϑ
(dχ− 3V )2. (5.12)

The field strength are

F 4
10 = Ne−4σ/3V4

S ,

F 3
10 =

3N

k
e−σ/3 sinϑdϑ ∧ VS2 . (5.13)

Note that F 4
10 is for the D4 branes and F 3

10 is for the D6 branes.

The radius of the circle fiber y is of order

e2σ/3 ∼ N1/3

k
sinh ρ. (5.14)

As we divide the AdS7 space, we do not have a small compact circle and so it is hard to say

the theory has been reduced to the type IIA theory. However the above radius says that

the M-theory description is valid for 1 ≤ k . N1/3. Since the dilation field diverges at the

boundary, the ultraviolet physics at the boundary is the 6d physics. From the metric (5.12)

in the string frame of type IIA, one can see that the curvature scale of the type IIA theory

is of order
√

R3/2k ∼
√

N/k which is large when ’t Hooft coupling λ = N/k is large.

6 Conclusion and discussion

We have found the supersymmetric Yang-Mills Chern-Simons theories on R × CP2 which

arise from the Zk modding of the 6d(2, 0) theory on R×S5 with additional twistings along

the R symmetry direction. Depending on the twisting, the number of supersymmetries

can be 4 or 12. Here for simplicity we have focused the analysis for 4 supersymmetric case

with the supersymmetric spinor parameter which is a singlet under the SU(3) isometry of

CP2. The fluctuation analysis shows that the fields have the right conformal dimension as

expected from the 6d consideration. Supergravity analysis shows that there are M-theory

region and type IIA region and weakly coupled region even though the boundary between

first two regions is not that distinct.

We have argued that the number of supersymmetries get enhanced for k = 1, 2, 3 cases

when the nonperturbative effects are included. As there is a discrete coupling constant,

there might be a chance that our theories are finite in UV and represent the 6d theory

completely once the nonperturbative effects are included. If it is not finite, one may need

higher derivative terms to capture the 6d physics properly. However, the presence of the
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Chern-Simons like term may not allow such a higher derivative term. A further exploration

along this direction is necessary.

Our theories are good stepping stones for calculating the index function of the 6d

(2,0) theory and we hope to report the result in near future. There seems to be several

interesting ideas to pursue from the current point. There may be many BPS objects in the

theory which is not apparent in first glance. The N3 degrees of freedom on the 6d (2,0)

theory [30] have been studied from various points of view [15, 18, 31] and our theory may

provide a further evidence.
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A Convention for metrics and gamma matrices

The space-time metric has the mostly positive signature. The metric tensors on CP2 and

S5 are, respectively,

ds2
CP2 = dρ2 +

τ23
4

sin2 ρ cos2 ρ +
τ21 + τ22

4
sin2 ρ,

ds2S5 = ds2
CP2 + (dy + V )2, V =

τ3
2
sin2 ρ, (A.1)

where y is the U(1) fiber direction. The left-invariant SU(2) 1-forms are

τ1 = − sinψdθ + cosψ sin θdϕ,

τ2 = +cosψdθ + sinψ sin θdϕ,

τ3 = +dψ + cos θdϕ, (A.2)

such that dτi =
1
2ǫijkτj ∧ τk. The range of variables are ρ ∈ [0, π2 ], θ ∈ [0, π], ϕ ∈ [0, 2π], ψ ∈

[0, 4π] and y ∈ [0, 2π]. The volumes of CP2 and S5 are π2/2 and π3, respectively.

The vierbein em = emp dx
p for CP2 is

e1 = dρ, e2 =
τ3
2
sin ρ cos ρ, e3 =

τ1
2
sin ρ, e4 =

τ2
2
sin ρ. (A.3)

Their inverse em = epm∂p is

e1 = ∂ρ, e2 =
2τ̃3

sin ρ cos ρ
, e3 =

2τ̃1
sin ρ

, e4 =
2τ̃2
sin ρ

, (A.4)
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where

τ̃1 = − sinψ∂θ +
cosψ

sin θ
(∂ϕ − cos θ∂ψ),

τ̃2 = +cosψ∂θ +
sinψ

sin θ
(∂ϕ − cos θ∂ψ),

τ̃3 = +∂ψ. (A.5)

The Kähler 2-form on CP2 is

J =
1

2
Jmne

m ∧ en =
1

2
dV = e1 ∧ e2 + e3 ∧ e4. (A.6)

The spin-connection for the CP2 is

w12 = −τ3
2
cos 2ρ, w34 = +

τ3
2
(1 + sin2 ρ),

w23 = w41 = +
τ2
2
cos ρ, w31 = w42 = +

τ1
2
cos ρ. (A.7)

The vierbein on S5 is

Em = em (m = 1, 2, 3, 4), E5 = dy + Vpdx
p. (A.8)

The inverse vierbein on S5 is

Em = em − epmVp∂y (m = 1, 2, 3, 4), E5 = ∂y. (A.9)

The spin connection for S5 is

Wmn = wmn − JmnE5, W 5
m = Jmne

n. (A.10)

Our notation for the Minkowski space-time gamma matrices for 6d and 5d is as follows:

(5d) γ0 = 12 ⊗ iσ2, γ
1,2,3 = σ1,2,3 ⊗ σ1, γ

4 = 12 ⊗ σ3, γ
01234 = i14,

(6d) Γµ = γµ ⊗ σ1 (µ = 0, 1, · · · 4), Γ5 = 14 ⊗ σ2, Γ
7 = Γ01···5 = −14 ⊗ σ3. (A.11)

The 6d spinor field λ and the supersymmetric parameter ǫ have the opposite chirality so

that Γ7λ = λ,Γ7ǫ = −ǫ. With B = iσ2 ⊗ σ1, we get BγµB−1 = −γµ∗ = −γTµ . The spinors

transform as 4 of Sp(2)R = SO(5) symmetry and the 5d Euclidean gamma matrices on

4 are

ρ1,2,3 = σ1,2,3 ⊗ σ3, ρ4 = 12 ⊗ σ2, ρ5 = 12 ⊗ σ1. (A.12)

Our choice of Cartan for Sp(2)R is R2 ∼ 1
2ρ45 and R1 ∼ 1

2ρ12 to fermionic fields. The

charge conjugation operator acting on 4 of Sp(2)R is C = iσ2⊗σ1 such that CρIC
−1 = ρTI .

With B̂ = B ⊗ σ3, we get B̂ΓM B̂−1 = ΓM∗ = ΓTM . We require the the reality conditions

on the spinors to be

λ = −B̂Cλ∗, ǫ = B̂Cǫ∗ =⇒ λ = BCλ∗, ǫ = BCǫ∗ (A.13)

on four component spinors.
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B Killing spinors

The Killing spinors [15, 32] on R× S5 are defined as follows:

∇̂M ǫ± =
i

2
ΓM ǫ̃± = ± i

2
ΓMΓ0ǫ±, (B.1)

and ǫ± = B̂Cǫ∗∓ and ǫ̃± = ±Γ0ǫ. Here we will be loose about 8 and 4 component spinors

as the chirality condition Γ7λ = λ,Γ7ǫ = −ǫ,Γ7ǫ̃ = ǫ̃ leaves no ambiguity. The covariant

derivative to the spinor on S5 given as

∇̂M ǫ =

(

∂M +
1

4
WAB
M ΓAB

)

ǫ. (B.2)

The covariant derivative on spinors in S5 can be expressed in terms of that on CP2

plus the derivative along the circle fiber.

∇̂0ǫ ≡ ∂tǫ =
i

2
γ0ǫ̃,

∇̂mǫ ≡
[

∇m − Vm∂y +
1

2
JmnΓ

n5

]

ǫ =

[

∇m − Vm∂y +
i

2
Jmnγ

n

]

ǫ =
i

2
γmǫ̃,

∇̂5ǫ ≡
[

∂y −
1

4
JmnΓ

mn

]

ǫ =

[

∂y −
1

4
Jmnγ

mn

]

ǫ =
1

2
ǫ̃, (B.3)

where m = 1, 2, 3, 4 and V = Vme
m = Vµdx

µ, J = 1
2Jmne

m ∧ en and ∇m = eµm∇µ is the

spinor covariant derivative on CP2. The Killing spinor equation is solved with

ǫ̃ = ±Γ0ǫ = ±γ0ǫ (B.4)

The covariant derivative on the gaugino field is

∇̂0λ ≡ ∂tλ,

∇̂mλ ≡
[

∇m − Vm∂y +
1

2
JmnΓ

n5

]

λ =

[

∇m − Vm∂y −
i

2
Jmnγ

n

]

λ,

∇̂5λ ≡
[

∂y −
1

4
JmnΓ

mn

]

λ =

[

∂y −
1

4
Jmnγ

mn

]

λ. (B.5)

Let us split the spinors to eigenspinors γ12ǫ
s1s2 = is1ǫ

s1s1 , γ34ǫ
s1σ2 = is2ǫ

s1σ2 . Note

that γ0ǫs1s1 = iγ1234ǫs1s2 = −is1s2ǫs1s2 . One solution of the Killing spinor is

(I) ǫ+ ∼ e−
i
2
t+ 3i

2
yǫ++

0 (B.6)

with a constant spinor ǫ++
0 . It is singlet under the SU(3) isometry of CP2. The more

complicated three Killing spinors are nontrivial linear combinations of three spinors

(II) ǫ+ ∼ e−
i
2
t− i

2
y(e+−

1 , ǫ−+
1 , ǫ−−

1 ), (B.7)

where ǫ1 depends on CP2 coordinates nontrivially. They form a triplet under the SU(3)

isometry of CP2. The detail expression is known but not important here.
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