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are obtained by twisted Z; modding and dimensional reduction of the 6d (2,0) superconfor-

mal field theory on R x S° and have a discrete coupling constant —— = ﬁ with natural

number k. Instantons in these theories are expected to represent the Kaluza-Klein modes.
For the k£ = 1,2 cases, we argue that the number of supersymmetries in our theories should
be enhanced to 32 and 16, respectively. For the k = 3 case, only the 4 supersymmet-
ric theory gets the supersymmetric enhancement to 8. For the 4 supersymmetric case,
the vacuum structure becomes more complicated as there are degenerate supersymmetric
vacua characterized by fuzzy spheres. We calculate the perturbative part of the SU(N)
gauge group Euclidean path integral for the index function at the symmetric phase of the
4 supersymmetric case and confirm it with the known half-BPS index. From the similar
twisted Z; modding of the AdS7 x S* geometry, we speculate that the M region is for
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1 Introduction

The physics of M5 branes [1-3] remains as one of great mysteries in M-theory [1, 2, 4].
Some fundamental structures of the underlying 6d (2,0) superconformal theory are not
yet known. One promising approach is to study the 5d maximally supersymmetric gauge
theory whose instantons may provide all Kaluza-Klein physics of the circle-compactified
6d theory [5, 6]. The study of a 1/4 BPS sector by the index calculation in this setting
has provided the exact results on the DLCQ limit of the 6d (2,0) theory [7, 8]. However,
one wants to have more devices to probe this 6d theory which allow, for example, the
calculation of the full index function on S' x S°.

In this work we propose one such tool. First we put the 6d (2,0) theory on R x S°. The
five sphere S° is a circle fibration over CP?, and we mod out the theory by Z; along this
circle fiber with some additional twisting along a U(1) subgroup of the Sp(2)r = SO(5) R~
symmetry. This allows a consistent truncation of the 6d theory to a 5d theory on R x CP?
with partially conserved supersymmetries. While we do not know the exact nonabelian 6d
(2,0) theory, one can find this 5d nonabelian theory explicitly. The 5d theory has both
Yang-Mills Chern-Simons terms and the Myers term for the scalar field. The Chern-Simons
term is not the standard 5d Chern-Simons term but is of type JAdA where J is the Kéhler
form on CP2. This Z; modding and dimensional reduction lead to the overall coupling
constant 1/¢%,, = k/4m?r with the S° radius r, and so the 5d theories with SU(N) gauge
group have a weakly coupled regime with the small 't Hooft coupling constant A\ = N/k
when k£ > N. A different choice of twisting leads to a different 5d theory, even with



different amount of supersymmetries. Here we construct two such 5d theories with either
4 or 12 supersymmetries.

The Killing spinors of S° can be singlet or triplet under the isometry group SU(3)
of CP2. We will show that the 4 and 12 supersymmetric theories have singlet and triplet
Killing spinors, respectively. Our 5d theories do not appear in the standard classification of
the super conformal field theories as Poincare supersymmetry is partially broken here [20,
21]. The supersymmetry on R x CP? inherits the original superconformal symmetry and
the eigenvalues of our Hamiltonian can be identified with the conformal dimension of an
operator corresponding to the eigenstate on CP2. As we have modded out some sector of
the original theory, the quantum states of our theories for k > 1 have fewer quantum states
than the original 6d theory.

As instantons in the 5d maximally supersymmetric Yang-Mills theory obtained by
the dimensional reduction of the 6d (2,0) theory on R® x S! are supposed to provide the
Kaluza-Klein modes [9, 10], instantons in our theories are assumed also to provide all of the
KK physics. Our theory has only one coupling constant which is discrete and quantized.
In addition we expect that for K = 1 the amount of the supersymmetries of our theories
should be enhanced to 32 as there is no modding. Especially, our theories with k£ = 1
might capture the all physics of the 6d (2,0) thoeory on R x S® when one includes the
Kaluza-Klein physics. Here, we restrict our interest to supersymmetric observables in both
5d and 6d theories. The supersymmetric observables in our theories are not sensitive to the
subtle UV physics that usually arises from 5d non-renormalizable theories, and they can be
exactly calculable involving non-perturbative sector. We believe these observables in our
theories exactly agree with those of 6d (2,0) theory at & = 1. We will argue later on that
for k = 2 case the number of supersymmetries of our 5d theories should be enhanced to 16.
For k = 3 case, only the 4 supersymmetric theory gets the supersymmetric enhancement
to 8. For k > 4 case we do not expect any enhancement.

The supersymmetry of our 5d theories is a part of 6d superconformal symmetry and
so allows the definition of the superconformal indices in the 6d sense. Here we calculate
the conformal index in the large k or free theory limit for the 4 supersymmetric theory and
found that it matches exactly to what is expected.

There are three possibilities for our theory in the ultraviolet region: (1) UV finite
and complete, (2) UV non-finite but renormalizable, and (3) UV non-finite and non-
renormalizable. Unlike 5d SYM on R'** which has the dimensionful coupling with no
additional adjustable parameter, our theory has the unique discrete quantized coupling
constant with Chern-Simons term and also the weak coupling regime, and so has a better
chance to be UV finite. It would be fascinating to figure out whether this is the case.

The AdS; x S* geometry for the large N M5 branes is known [11] and a similar Zj,
modding of this geometry would lead to the geometry corresponding to our theories. We
speculate that there are three regions of k: the M-theory region for 1 < k < N'1/3, the type
ITA region for N'/3 < k < N, and the high curvature region for N < k. Such division is
not concrete as the 11d circle radius, that is the dilation field, diverges at the boundary,
which is the UV region of the field theory. These regions could be meaningful in the interior
region of the AdS7 space.



Our approach is inspired in part by the ABJM theory on M2 branes which has Zj
modding of the SO(8) R-symmetry [12]. However, our Z; modding is acting on both the
space S° and the R? part of the scalar field space R?. Our 5d theories are defined on a
compact space CP? with SU(3) isometry instead of non-compact R*.

We note that 5d JFA type Chern-Simons term has appeared in refs. [13, 14] while
their setting is different from ours. There is another work by one of us (HK) and Seok Kim
where the index on M5 brane has been approached by the 5d Yang-Mills theory on S° [15].
Not only a perturbative calculation on S° is done explicitly there but also a conjecture on
instanton part has been provided. More relevant for the future work would be the index
calculation on S! x S* done recently for the 5d superconformal field theories [16]. There
are some related recent works [17-19] on the supersymmetric theories on S°.

A Myers’ term appears in our 5d theories. For 4 supersymmetric case with SU(N)
gauge group, one can have degenerate vacua which are characterized by supersymmetric
fuzzy spheres and the partition of N. This classical degeneracy of vacua could be regarded
as a blow up of D4 world volume from CP? to CP? x S? and thus implies that some D6
brane giant gravitons contribute to the index. Such possibility raises many interesting
questions which we would leave as a future problem.

All the fields in our 5d theories belong to the adjoint representation of the gauge group
and the overall coupling constant is given as 1/g%,, = k/4m*r with natural number k and
the S® radius 7. These 5d theories, obtained after the Z; modding and the dimensional
reduction, have the weak coupling limit in large k£ and discrete coupling constants beside the
dimensionful factor . The space CP? is compact and so the energy spectrum is expected to
be discrete. The effective dimensionless coupling constant could be then discrete also. Our
5d theories might be ultraviolet complete when nonperturbative part is included. But our
theories are not defined on flat R with Lorentz symmetry and so the usual perturbative
expansion in momentum space is not available. The large k limit is the weak coupling limit
and the k£ = 1 limit is the strong coupling limit. For the SU(N) or U(NV) theory, there is also
't Hooft coupling constant A = N/k. For large 't Hooft coupling limit the corresponding
AdS geometry is obtained by the Z; modding of the AdS7 x S* and somewhat complicated
as the boundary geometry is a Z; modding of the boundary geometry R x S® x S*.

The index function for a conformal field theory is an important tool to explore the
theory [22-25]. The index function of the 6d (2,0) theory on S! x S° is one of the major
interests. The index for the U(1) theory on a single M5 has been done [26]. Our 5d theories
have both perturbative parts and instanton parts. In this work, we restrict ourself to just
the perturbative part of 4-supersymmetric case and find it to match with the known 1/2
BPS index on the single M5 brane [27].

The outline of this work is as follows. In section2 we start with the 6d abelian (2,0)
theory and do the twisted Z; modding and the dimensional reduction to obtain some
supersymmetric 5d Yang-Mills Chern-Simons theories on R x CP2. In section3 we explore
the properties of these theories, including the spectrum of the abelian theory. In section4
we introduce the index function and calculate it by the Euclidean path integral in the weak
coupling limit. In sectionb we conclude with some remarks. In appendices we include the
properties of manifolds S° and CP? and the Killing spinors on them.



2 5d supersymmetric theories on R x CP?

Let us start with the 6d abelian (2,0) theory on R'*® for the field By, \, ¢r(I =
1,2,3,4,5). The 3-form field strength H = dB should be selfdual H = *H. We start with
the supersymmetric action with additional spectator field H = —*H which does not get in-
volved in the supersymmetric transformation [28]. The bosonic part of the superconformal
symmetry OSp(2,6|2) is made of the SO(2,6) conformal symmetry and Sp(2)r = SO(5)
R-symmetry. The conformal dimensions of H, \, ¢y are 3,5/2, 2, respectively. One does the
radial quantization of the theory and obtains the Lorentz signature action on R x S°. The
Cartan elements of the spatial rotation algebra SU(4) = SO(6) are made of ji, j2, j3 and
the Cartan elements of the Lie algebra Sp(2)r = SO(5) are made of Ry, Ry. The R; rotates
the scalar fields ¢1, ¢ and Ro rotates ¢4, ¢5. Spinor field A belongs to 4 of SU(4) and 4
of Sp(2)r. Both the fermion field A and supercharge @ transform identically under SU(4)
and Sp(2)g. In terms of roots +e; +e;, (1,5 = 1,2,3) of SO(6), the spinor representations
4 and 4 of SU(4) are given by the weights (+e; & e + e3)/2 with odd and even numbers
of minus signs, respectively.
Let us do the radial quantization of the (2,0) theory on R x S°. See the appendix A
for the metrics on S° and CP2. The action on R x S° is
S = dz\/g { = L MNP Espig Ly g 00, - %QS[(;S[}. (2.1)
RxS5 12 2 2 r
Here V) is the spinor covariant derivative on RxS?. From now on we put the S radius r to
be unity for the simplicity. The supersymmetric transformation for the tensor multiplet is

0Byn = —S\FMNE = —el'ynA,
Spr = —Apre = +épr,
oA = + - Hyn YN e + id i T pre — 261 pré,

6

o\ = —éHMNpa“MNP + iOapreTM pr — 2epr by (2.2)

The Killing spinors € should satisfy
Ve = %rMe, MV e = 2ie, (2.3)
which can be partially solved by € = £I'ge.
Note that

HynpTMVFe = %(HMNP +* Hpynp) TN P e, (2.4)

where

. 1
Hynp = EGMNPQRSHQRS, €0123456 = — 1. (2.5)

Only the selfdual part H =*H appears in the supersymmetry transformation. Thus the
anti-selfdual part of the field strength transform as

5(HMNP _*HMNP) = iEFMNpPQ(?Q/\, (2.6)

which vanishes on-shell.



The metric for the five sphere is
dsgs = dsipe + (dy + V), (2.7)

where y ~ y 4+ 2m. The Kahler form J is given by
1
J = §dV. (2.8)

We want to a Z; modding of the 6d (2,0) theory along the fiber direction with identification

y~y+ 2% (2.9)

The Killing spinors on S° as shown in appendix B have nontrivial y-dependence and

the above Z; modding would remove them unless one introduces an additional twisting
along some direction of Sp(2)r = SO(5) R-symmetry. Let us consider the plus sign case
€ = +Toe. With the notation for the eigenspinors y12e5152 = j51e%192 4345152 — jgy¢5192
we group the 16 Killing spinors €, to the 4 and 12 spinors. The first group of the Killing

spinors is made of
(I) ex ~ e_%t+%yeg+, (2.10)

with constant spinors ed " which form a singlet of SU(3) isometry of CP? and the fun-
damental representation of Sp(2)g = SO(5). The second group of the three independent
Killing spinors is made of

(ID) €5 ~ e 373 6T 65, (2.11)

where these are complicated CP?-dependent matrix linear combinations of three constant
spinors. They form a triplet of SU(3) isometry of CP? and the fundamental representation
of Sp(2)r = SO(5). The exact form is not important here.

We want to cancel the y-dependence of the spinor parameter by introducing a twisting
of the spinor parameter along the R-symmetry direction. There are many inequivalent and
less supersymmetric choices. Here we focus on two choices for the simplicity and twist both
spinor and scalar fields to be consistent with the supersymmetric transformation.

The first choice is to introduce new variables

_ 3p45 _ 3pa5
(I) €1a =€ 2 Yencw, Aold =€ 2

Yhnews (1 +i05)old = €T3 (ps + igh5)new-  (2.12)

This change of variables leads to
(I) 0y — 0y + 3iRy (2.13)

on new variables. Here Ry is one of the Cartans of Sp(2)gr = SO(5) R-symmetry. The
corresponding U(1)g, transformation is ¢4 + igs — €'“(¢4 + i¢s) and A — e~ "3\, Note
that the y-charges for all fermions are shifted by half-integers. Before the twisting, the
fermions originally have half-integers y-charges and thus they are anti-periodic under y —



y + 2m. So the original fermionic modes in 6d (2,0) theory are all projected out by Zj
modding. The twisting provides to the fermionic modes extra half-integer shifts of y-
charges (new fermions all become periodic under y — y+2m), that makes some of fermionic
modes survive under the Z; quotient. The new spinor parameter has the y-dependence as
e3(it+pas)y/ 268— * and so we choose the constant spinor to satisfy pyseg = —ieg to remove the
y-dependence. This supersymmetry would survive under the Z; modding. The possible
Ryp-charge of allowed e spinors is the eigenvalues 4 of p1a. As e_ is a complex conjugate,
there would be four surviving supersymmetries in the first case after Z; modding.
The second one is to introduce new variables so that

Pas a5 . i ,
(II) €old = et 35 yfnevw Aold = et 35y/\newa (¢4 + Z¢5)old =e€ zy(¢4 + Z§b5>new~ (2-14)
This leads to the change of the derivative d, on new fields to
(IT) 0y — 0y — iRo. (2.15)

The y-dependence of the Killing spinors e can be removed once pyse; = —ie;. These
two triplets of Killing spinors e with eigenvalue of p12 = +¢ would survive under the Zj,
modding and so the resulting theory would have 12 supersymmetries. One can rewrite
6d action using these new variables and see that the 6d kinetic terms provide extra mass
terms to the Rp-charged fields, ¢;—45, A, such as

1 1 e 3

(1) — 30n6i0M 61— TGN =~ i i o (01)? ~5 TVt A0,
1 1

(II) —iaMgbZ(‘)M@—%)\PMVM)\ = =5 O™ pi— (¢,) ; FMVM)\——/\P5p45)\

(2.16)

The Z; modding of the new spinor and scalar fields is given to be

(D) A(Y)oa ~ e~ £\ (y + 27r> s (a4 i05) (W) ~ €T (¢a + idss) (y + 27T> ,
old old

k k
(I1) A(y)ola ~ et #A <y + 2;;) . (Pa+ids)(Y)od ~ € (¢a + ichs) <y + 2;) .
old old

Such consistent Z; modding of the 6d (2,0) theory reduces the degrees of freedom and the
number of supersymmetries. Still we do not know the exact form of the resulting 6d theory.
Let us now do the dimensional reduction of the 6d (2,0) abelian theory to 5d by
requiring the new field variables to be independent of y. Then the y-independent new spinor
and scalar fields are invariant under the Zp modding and so are allowed. For the two-form
tensor field, we can either do the dimensional reduction with identification H,5 ~ F},,
or find the gauge kinetic term by the supersymmetry completion. As we found the y
independent Killing spinors for the superconformal transformation, the supersymmetric
transformation under these Killing spinors will not introduce additional y dependence
between the fields. This Z; modding in large k& limit would shrink the circle fiber size
relative to R x CP? size and so the theory would become more close to the 5d theory.



We first consider only the action for the scalar and spinor fields and then fix the
the gauge kinetic term to complete the supersymmetry for the abelian case. Then one
generalizes the theory to the nonabelian case. Only subtlety is the right normalization
for the coupling constant. For both cases we argue in the next section that the 5d gauge
coupling constant is given by

B k
oy A2y’

(2.18)

where r is the radius of the S° sphere and is regard as unity as it is only length scale of
the theory. Unlike the physics on R x S, the energy spectrum E on the compact space
CP? to be discrete and E ~ n/r and so the dimensionless coupling constant g% uE to be
discrete also. The theory becomes weakly coupled in large k limit. As the fields are in the
adjoint representation of the gauge group, one expects the presence of 't Hooft coupling
constant
N
- (2.19)
for U(N) gauge theory.
To be more concrete, we use the four-component notation for the 5d spinors as given
in appendix A. The symplectic reality condition becomes

A= BC\N*, e = BC¢". (2.20)
The Killing spinor equation for the y-independent new spinor parameter €,y becomes
Ohe = 3708, Dme = — L Jmny" e + Eymé, (2.21)

where m = 1,2, 3,4. These spinor variables satisfy additional conditions for two cases:

. 3 ) 1
(I) paser = —ier, Dy =V + 7/;45 Vin,  €=— [3P45 + §Jmn7mn} €

. - 1
(D) pises = —ier, D =V =2V, e:h%—gﬁmfm%, (2.22)

where V,, is the spinor covariant derivative on CP2. The U(1) rotation by Ry is deformed
to a U(1)%; due to the twisting for both cases.
The resulting 4 supersymmetric nonabelian 5d action on R x CP? for the first case is

k 1
St / dxy/|g| tr| — ~F, F" +
RxCP2

. 2
= ; ey, (A,,@,,An _ gA,,A(,An)

1
2v/1gl
X e . , 13 ,
= 5 Dudr D o1 + 161, 05]" — i€abcPaldn, dc] = 205 — ¢
54Dy = Epaton ] S+ S
27u 20117 87 mn4p45’
(2.23)



where I =1,2,3,4,5, a =1,2,3,7=4,5 and

F = 8MA,, — &,AH — i[A#, Al,
Du¢a = u¢a - i[Aua ¢a}7
D, i = 0upi — i[Ay, &3] + 3Vyueijo;,

1 3 .
D= |0, + Zwﬁ"%g + §V”p45 A —i[Ay, Al (2.24)

Note that Jo,, = 0 and J,,,, is the Kéhler 2-form on CP2?. The supersymmetric transfor-
mation is
§A, = +idyue = —iEyA,
51 = —Apre = éprA,
1 . i -
o= +§Fuﬂ“y6 +iDyprpryte — §[¢1, bilprie — 3eijpipje — 2d1p1€. (2.25)

The supercharge @ is a singlet under SU(3) isometry of CP? and a doublet under SU(2)x
with nontrivial U(1)’; charge. Thus the supergroup behind the first superconformal model
would be SU(1|2).

The 12 supersymmetric 5d action on R x CP? for the second case is

k / : 1 1
— d’z+/|g| tr| — =F, F" + ——
4m? Jrxcp2 4" 2+/]9]

- %Duéf)ID”éI + i[@r, oJ)° + %Eabc%[qﬁb, bc] — 207 — 2@2

N
Spp — 077, (4,05 Ay éA,,AUAn)

i< i < 1. 1
— =MD — =\ Al = = MY AT — = ApasA |,

(2.26)
where I =1,2,3,4,5, a=1,2,3,i=4,5 and
Fu = 0,A, — 0,A, —i[A,, A,
Du¢a = 8u¢a - i[Aua QZ)GL
Dy¢i = Opugi — i[Ap, @il — Vueijoj,
DA = |9, + iwf;’%g _ %x/ﬂp45 A= i[A,, AL (2.27)
The supersymmetric transformation is
0A, = ij\’yﬂe = —i€Y,A,
Spr = —Apre = epr),
o = +%FW7W€ + 1Dy prpryte — %[ﬁbb Glprye + €ijpipje — 201 pre. (2.28)

The supercharge @ is a triplet under SU(3) isometry of CP? and a doublet under SU(2)x
with nontrivial U(1)}, charge. Thus the supergroup behind the second superconformal
model would be SU(3|2).



3 Properties of the 5d theories

There are several properties of these 5d theories we like to focus in this section. While we
will not explore in detail in the present work, instantons in our theories would play the
Kaluza-Klein modes for the circle fiber as the case in the maximally supersymmetric 5d
Yang-Mills theory on R®.

The instanton number on CP? is

1 1 5
= T(FAF)= d*z+/|g| TrF,, F* . 1
YT 82 CPp2 HEAF) 1672 /sz w19l TrFlu (3.1)

The eigenvalue of the Hamiltonian of the 6d (2,0) theory on R x S® for an eigenstate is
the conformal dimension of the corresponding operator. Similarly the Hamiltonian for our
5d theories would have the conformal dimensions as the eigenvalues. The abelian scalar
field harmonics on S° is discussed in detail in later part of this section which shows that
the lowest conformal dimension for the untwisted scalar field ¢, is two as expected. Upon
Z, modding, first nontrivial Kaluza-Klein modes start with conformal dimension £ + 2.
Such KK modes along the circle fiber is supposed to be represented by instantons in the
5d theory. As a single instanton has mass 472 /g3, with our normalization 1/(4g% ,,) TrF™
where F'is N x N hermitian matrix valued two-form for U(N) gauge group and the KK
modes has the additional mass k, the inverse coupling coefficient 1/ g%, A 1s chosen to be
k/4m?. Instantons on CP? have been explored in ref. [29]. It would be interesting to
consider their work in our index calculation context.

While we do not have an argument for the quantization of the Chern-Simons term
in the 3d sense, there is a simple argument in the 1d sense. Let us consider the abelian
case with the spatial part of the vector potential A = V so that F' = dA = 2J, which
has half instanton number and has 27 flux on non-contractiable two cycles of CP2. The
Chern-Simons term in this background becomes

k

1
ywe dx ~eP],,0,A, Ay = / dt kAg (3.2)
™ JRxCP2

The Chern-Simons level k for this 1d U(1) theory is again integer quantized as expected.

The quadratic Chern-Simons term has been noted before [13, 14]. A beautiful argument
in ref. [13] is that the y independent field equation for the 3-form tensor field on Rx S° leads
naturally to the presence of the quadratic Chern-Simons term. Another argument is that
the instantons are KK modes along the fiber direction and KK gauge field V,d2” is a gauge
field on C'P? space with magnetic field 2.J. Whenever the instanton moves, it feels the
background magnetic field and so the interaction term should be proportional to V,dx? /dt
where 2P is the position of a point like instanton on C'P2. The natural field theoretic
expression is then the Chern-Simons term. It would be interesting to find more argument
to support our choice of the coupling constant. The full effect of this Chern-Simons term
is not clear at this moment.

The strongest coupling occurs for the £ = 1 case. For this value, there is no Zj
modding and so the supersymmetry should be enhanced to the maximal value 32 with
OSp(8|2) supergroup. For larger k, the story is more complicated. Let us examine the



6d Killing spinors after twisting but before dimensional reduction. Their dependence on
the fiber direction y would be depending on the Ry charge. For the four supersymmet-
ric case (I), SU(3) singlet Killing spinors get split to ey ~ e~ /2400 ¢i/243W and SU(3)
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triplet Killing spinors get split to e, ~ e~ 2t72% ¢~ 2% depending on Ry charge. Upon
the dimensional reduction, only y-independent modes and Killing spinors are realized ex-
plicitly. For the k = 1 case, all KK modes would be realized non-perturbatively and so are
nontrivial Killing spinors. For the & = 2 case, the half of the triplet Killing spinors with
even y momentum should be realized non-perturbatively in our 5d theory, and the total
number of supersymmetries should be enhanced to 16. For the k = 3 case, another half
of the singlet Killing spinors can be realized non-perturbatively instead, and so the total
number of supersymmetries would get enhanced to 8. For the k > 4, any supersymmetry
enhancement is not expected. For the 12 supersymmetric case (II), SU(3) triplet Killing
spinors get split to €4 ~ e~ 30 =3t gnd SU(3) singlet Killing spinors get split to
€4 ~ e 22 o3 For k= 2 of this case, the half of singlet Killings spinors can be
also realized and so the total supersymmetry would be 16. But there would be no more
supersymmetry enhancement for k£ > 3.

One could ask whether instantons and anti-instantons without any other fields turned
on are BPS in our 5d theories. Here we just consider the selfdual or anti-selfdual gauge
field strength, leaving the study of the instanton solution itself to the next paper. For the
first case (I), we note that y1934¢ = —e and only anti-instantons can be BPS. For the second
case (II), both instantons and anti-instantons can be BPS. The amount of preserved super
symmetries is interesting also. For the first case the anti-instantons preserve all of 4 susy.
For the second case the anti-instantons preserve 4 susy and instantons preserve 8 susy.

While the instanton mass fixes the coupling constant, its 6d field theoretic origin can
be read as follows:

Sed = /R . d®z\/g ( - %au(ﬁbl)GdaM(CbI)Gd +-- )

2 1
— Spq = %r /g (— Eau(¢1)6dau(¢l)6d +-- )
RxCP2
_ k 5 1 "
— S5d — m /RXCP2 d I‘\/g ( — §8u(¢[)5d8 (¢])5d + c ) (33)

with the mass dimension for the 6d field ¢; being two and the mass dimension for the final
5d field ¢; being one. The scalar field is rescaled so that

2w/ 27r

(¢1)50 = 3 (01)6d- (3.4)

There is a Meyer’s term in the potential which leads to nontrivial vacuum structure
only for the first case. The classical supersymmetric vacua are given by the fuzzy 2-spheres
which are given by the vacuum equation

(I) - i[d)a, (Z)b] = 2€abc¢c' (35)

Naively, they would be D4 brane blown up to D6 brane whose world volume topology is
R x CP? x S2, and there would be corresponding giant graviton solutions. The exact nature
of these vacua and their role will be explored in future.
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The Gauss law in the U(1) theory implies

k

k
Tz D" e Fg = 0. (3.6)

Total charge should be zero in the compact CP?. As J is selfdual, the anti-selfdual flux
Feelne?—ednet (3.7)

seems possible without violation of the Gauss law but it does not satisfy dF' = 0. The
selfdual configuration F' = 2J in the abelian theory with the instanton number one half
is not allowed due to the Gauss law without excitation of other fields. In nonabelian
theories, there could be other charged matter fields and so the Gauss law could be satisfied
nontrivially. There may be some monopole-like operator as in 3d case [25].

While the second case has more supersymmetries, the first case is simpler as the Killing
spinor is constant spinor on CP2. We will focus on the first case from now on. Still, it is
hard to penetrate the detail physics of the theory yet. We do not see any restriction on
the gauge group unlike the 6d theory [1, 2].

Let us briefly mention the spectrum of the theory for first type (I) for abelian case.
The detail spectrum for the scalar and fermion fields on S° is given in [15]. As the index
calculation in the next section provides the detail of the spectrum on CP?, here we just
focus on the scalar field spectrum. The spectrum of a scalar field of conformal dimension
2 on R x S° has the mass

(=V2 + Y2 = (0 + 0 +2)2YV 002 9, Y02 = (0 — £p) Y2, (3.8)

£2 would be €1w1 + £2w2

The highest weight of the given irreducible representation Y1
with two fundamental weights w1, w9 of SU(3). The dimension of the representation of the
highest weight (¢1,¢2) is (€1 +1)(f2+1)(¢1+¥¢2+2)/2. For ¢; 23 fields, there is no twisting.
Z, modding puts the constraints ¢; — fo = kn with integer n. The y-independent mode

with Y%¢ has the spectrum on C'P? as
(—VEpe + 4V = 4(0+ 1)V, (3.9)

with the degeneracy (¢+1)3. Note that the conformal dimension of this mode is & = 2¢ +2
and so it starts from 2 as we expect for the scalar field in the 6d theory. The first KK mode
would with either (¢1,¢3) = (k,0) or (0,k). Both of them have the conformal dimension
e = k + 2 with degeneracy (k+ 1)(k +2)/2.

The twisted mode ¢4+i¢5 has more complicated y-independent modes and KK modes.
The y independent mode is given by Y4¢*3 or Y34 with conformal dimension ¢ = 2¢+ 5.
One can do the similar analysis for the fermion field whose conformal dimension on C'P?
starts from € = 5/2 as expected for the 6d fermion. The vector field analysis done in
next section shows that its conformal dimension on CP? starts from € = 4 not 3 which
is expected for the three-form tensor field in 6d. There may be no constant three form
among the harmonics on S°. Instantons with perturbative effects should reproduce the KK
modes. We hope to come back to these issues near future.
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4 Superconformal index

We will now define the superconformal index on 6d (2,0) theory and analyze its properties
upon the Z; modding introduced in section 2. Later we will relate this index with the 5d
index on R x CP2. The full 6d index would be obtainable from 5d computation involving
the non-perturbative instanton states. The superconformal index encodes the spectrum
of BPS states of the radially quantized theory on R x S°. More precisely, the index we
will define shortly counts the BPS states annihilated by a chosen supercharges () and its
conjugate S among 32 supercharges in 6d. The chosen supercharge () satisfies the algebra

{Q,St=ec—j1—ja—Jjs+ 2R + 2Ry = A, (4.1)

and hence the index will count BPS states saturating the bound A = 0. Here the super-
charge @ has charges as j; = jo = j3 = —%,Rl =Ry = —%.
The superconformal index of the (2,0) theory is defined as

I yn,y2,q) = tr| (=1)Fa iy g gl | (42)
where z=e"P,y; =€, yo =2 denote the chemical potentials for the Cartan generators
of the subalgebra commuting with @, and j = j1 + j2 + j3 — 3R2. This index for a single
Mb5-brane and its gravity dual theory at large N are studied in [26]. As the abelian (2,0)
theory is free, one can easily compute the index for the single M5-brane theory by reading
off BPS letters from the field content of the (2,0) theory. The index of the U(1) (2,0) theory

is given by the Plethystic exponential of the single letter index f

)

(0.)
1
I=exp [Z ~f"ya")
n=1

T+ 332613 - 902(12(1/1/1 +y1/y2 +y2) + 333(]3
(1 —zqy1)(1 — zqy2/y1)(1 — 2q/y2)

f(xaylyy%Q) = (43)

The denominator comes from the derivatives, the first two terms of the numerator come
from the scalar fields, three minus terms in the numerator come from the fermion fields,
and the last term in the numerator comes from the fermion field equation. There is no
contribution from the two-form tensor field. One interesting limit of this index is to take
q — 0 limit where the index reduces to the half-BPS index that is the index function of
half-BPS states (preserving 16 supersymmetries). In this limit, the letter index simply
becomes f = x and it reflects that only a single complex scalar ¢ — i¢o contributes to the
index. The Ay_1 non-abelian version of the half-BPS index [27] is already given by

N
1
Lijppes = [ ]| (4.4)

1—am’
m=1

This is the index we will reproduce in this section by calculating the perturbative part of
the corresponding Euclidean path integral on S' x CP2.

Now we turn to the Zp modding of the superconformal index. We introduced in
section 2 the Z; quotient along the circular fiber direction y twisted by Rs rotation. The
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j corresponds to the rotation of this twisted y direction. The modding leaves only the Z,
singlet states carrying j = kn (n € Z) charges and truncates all other states. Accordingly,
the index of the 6d theory with Zj;, quotient is defined as

Iz, =tr (—1)Fx5+R1y{1_j2y%2_j3qj (4.5)

} ‘j:kn.
When k = 1, it reproduces the index for the (2,0) theory discussed above. On the other
hand, at infinite £ limit or zero coupling limit, all the KK states with non-zero j charge
are truncated and the index reduces to the 5d index counting the BPS states of the free
theory on R x CP2. This limit is achieved by taking ¢ — 0 limit in the index computation.
Here, we note that this index at infinite & coincides with the half-BPS index (4.4) as two
limits are achieved identically by ¢ — 0.

We expect that the 5d index including the non-perturbative instanton states can re-
produce the full 6d superconformal index. The 5d theory of the first case (I) introduced in
section 2 preserves the same supercharge ) used to define the 6d index, and, therefore, we
can define the 5d index in the same way as the 6d index (4.2). The perturbative states in 5d
theory correspond to the j singlet modes while the instanton states realize the KK states
with non-zero j charge. We thus identify the instanton number with the KK momentum
number j.

The index can be considered as the Euclidean path integral of the 5d theory on
St x CP?

Iaea) = [ Dwesi (4.6)
S1xCP2

The twisted boundary condition along the time circle S* of radius 3r is considered. The
Euclidean version of the action (2.23) is given by
k
St =
! 472y

1 1 J 2 13
5 Dud1D o1 = (61,011 + g0, drloe + 5(60)" + 55 (1)

/ d’z+/|g| tr EFWFW + Lemreo g (A0,A, — %A,\APAU
S1xCP2 4 2 3

i i 1 3
—iATV“DHA — iATpI[)\, br] — gﬂ.}wm + 4T)\Tp45/\} , (4.7)

where the fermion \ is subject to the reality condition A = BCA* and the radius r of S° is
introduced again. The twisted boundary condition shifts the time derivative such as
B i i2

Oy — 0, — @Rl — E(jl —J2) — ﬁ(jz — 73), (4.8)

and, from now on, we consider the time derivatives as this shifted one. The action is
invariant under the supersymmetry transformation

5pr = —Apre,
0A, = —iXly,e,
1 » ' p i 3 21 ~
0 = S Eun™e —iDudry pre — Slo1, dslprse + —eijdipje — —¢rpre. (4.9)
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The supersymmetry parameter e satisfies the conditions

1 1 . 3 1 T .
D,e = _ZJNV'VVE + 57 s §p45e =1 e+ 56 €= ip* v e, (4.10)

and we found four solutions to these conditions,

oey = yseq = —pey =iey, (4.11)
and its conjugation e = BCe¢ . It turns out that the four Killing spinors are convariantly
constant on CP?

Dper =0 (m=1,2,3,4). (4.12)

We would like to evaluate the superconformal index using the localization technique.
The localization would lead to the path integral over the instanton configuration on CP?
base. We leave the calculation of the nonperturbative instanton contributions for future
work.

At infinite k£, the gaussian integral of the quadratic equations produces the exact
result. For convenience, let us divide the field content to a vector multiplet and an adjoint
hypermultiplet (though there is no notion of the hypermultiplet as the theory preserves only
4 supercharges). We first pick up a complex supercharge ) corresponding to pjoe = —ie
and decompose the spinors as

00O e

Then the vector multiplet consists of A, x,¢3 and the hypetmultiplet consists of two
complex scalar ¢ and a complex fermion 1 defined as

Q= —=(d4 —i¢s), q2= 7(% +iga), =7 (4.14)
\/> \/>
The action with the new fields becomes
k 1 ) 24
E 5 v VApo
= d tr|-F,, F* —e 0T | AO Ay — —ANAL AL
St A2y /RxCP2 zy/|g| tr Vs +2€ Ju < 29y 3 )

1 2 4 13
+§D#¢3D“¢3 + |Dug?? + 772(¢3)2 + p\quz + ﬁ|q1\2

Higs, a2+ Glia* wall + 50 (6" pla® aalle®, ac) - §¢3[q2,§2]

2
i 1 3
—ixW‘Dux Wby Dytp — fxTJ,m X — fwTJ,m“”w +5 ><T X+ Tww
i . . L
—5x (08 X1 + ivTes, ] + V2T [xa, ¢ = V2ilaa, 10 | (4.15)
1=1.2,3

where o are the Pauli matrices.
Before performing the path integral, let us first fix the gauge following [22, 23]. We

choose the Coulomb gauge D™A,, = 0 and impose the residual gauge fixing condition as
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%a = 0 where a = ﬁ fCP2 A; is the s-wave component (or holonomy) of A;. The

holonomy « is the only zero mode of the quadratic action. The residual gauge fixing
introduces the Haar measure to the path integral. Thus the index at large k becomes the
integral of the 1-loop determinant by the holonomy «

e (52

To obtain the 1-loop determinant, we will use the various CP? harmonics carrying

electric charges R2. Some of them are constructed in [15, 32]. Let us first focus on the
scalars in the hypermultiplet. The scalars have the following quadratic terms

13 4
—-D?—-D™D,, + ] ¢+ 5@ [—DZ — D™D,, + = ¢, (4.17)

where the time derivative is

D, =0; —ifa, ]— ;Rl — ig;(jl —J2) — ng(h —J3). (4.18)

We need to use the charged SU(3) harmonics Y382l if Ry > 0 or YHIH3IR2l if Ry < 0

according to R charges of the scalar fields. Here, the charged harmonics Y0/ carries Ry
=
3

charge . Then the corresponding harmonics are Y“*3 for ¢! and Y for ¢ respectively,
and they diagonalize the quadratic equation. The 1-loop determinant of the hyper scalars

becomes

detyy = H H H ‘i <a + miy; J;i(Ql + 5)5) ‘i <a+mm _22'(21 + 5)5>

a€root 1=0 my,ma€(1,1+3)

<11 1T 11 sin<a+mmzi(2l+1)5>sin<o‘+mm—2i(2l+3)5>.

a€root [=0 mq,ma€e(l,l)

(4.19)

where m;y; = m1y1 +may2 and m; denote the two Cartan charges of (I1,[3) representation
of SU(3) isometry.

For the complex fermion v, we introduce the four spinor basis on C'P?
U =YH3e, | Wy =ATy™mD,, Y8, | Wy =Yle | Wy =+"7"D, Y (4.20)

where Y!+2 is the charged SU(3) harmonics defined above. These four basis can diagonalize
the fermion quadratic action

o . 1 31
Y1 | =iy Dy — iD™y,, — EJmn'ym” + > . (4.21)
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One then obtains the 1-loop determinant for the fermion field in the hypermultiplet

detyy= [[ I II sin (a+m¢%—;i(2l+5)ﬁ) “in (a+mivi—2i(2l+5)6)

a€root [=0 m17m2€(l 1+3)

(ll

a€rootl=1 my,ms€

(4.22)

The first line corresponds to the 1-loop determinant from Wq, W5 and the second line is
from W3, W,4. Combining the complex scalar and the fermion contributions, the final 1-loop
determinant of the hypermultiplet is given by

det f 1 N 1
H, £0 n _nmio;;
= | | —— = 2%xp E E —xe "t 4.23
det gy oot S0 (a-H,B) n ( )
2

n=1 1,5

where g9 = %N 2 is the Casimir energy for the hypermultiplet.

Let us move on to the vectormultiplet contribution. It is straightforward to compute
the fermionic contribution by using the same spinor basis (4.20). The quadratic equation
for ! is given by

. . 1 37
(xl)T [—WTDT — 1y Dy, — EJmann + Z'r} i (4.24)

The corresponding 1-loop determinant becomes

detvy= [[ II II sin (aermJ;z'(QlJrﬁ)/B) ‘i (a+mm—2i(2l+4)5>

agroot [=0 my,ma€(l,l1+3)

" sin<a —22’L'B> H H H Sin<0é+mi%‘-|;i(21+2)5) Sin<a+mz’%‘ —21'(21-1-2)5) '

acroot =1 my,mo€e(l,l)

(4.25)

The first line is again the 1-loop determinant of Wy, ¥y and the second line is from W3, Wy.
The quadratic action of the vector field is

1

o ™ + i€ 7 A0, AxT e = (DpA)? + 24,0, Dy A™
— A, (D250 + D*6" — D™D, — 6) A"
+4iA; Dy A J™ — 2iA,, Dy A, J™ (4.26)

We find that the following vector harmonics form the complete basis of the 5 vector com-
ponents

A=Y AL =D, Y A2 = Jn DY A3 =l D YRR (4.27)

Here, A,, A', A? are real vectors and A% is a complex vector. As we have already taken
into account the zero mode of A., which gives the holonomy a and Haar measure of the
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gauge group, the range of the harmonics Y is therefore [ > 0. Under the Coulomb gauge
D™A,, = 0, we can turn off the modes corresponding to Al . The other two real vectors
A, Afn mix each other in the quadratic action. Taking into account the determinant factors
from the gauge fixing procedure, we obtain the 1-loop determinant for the real vectors

11 H 11 [Sin <a+mmzi(2l+2w>sm (a+mm_2i(2l+2)ﬁ>]é. (4.28)

a€croot =1 my,ma€e(l,l)

The complex vector A% is an eigenvector of the quadratic equation (4.26) and its 1-loop
determinant is

1T ﬁ 1T Sm<a+mmzz‘<zz+6)ﬁ>Sin<a+mm—2¢(2z+4),3>_ (4.29)

agroot [=0 my,ma€(l,l1+3)

We then collect the fermion and the vector contributions as well as the contribution from a
scalar field ¢>. After the huge cancellation between the fermionic and bosonic contributions,
we finally find that the 1-loop determinant of the vector multiplet is trivial

detvf
- 4.30
detv7b ( )

Combining the contributions from the vector and the hypermultiplet, we obtain the
following superconformal index at infinite k

d . 2 00 1 -
I(m, Y1, Y2) hsoo = /H [ az] [2 sin (0412063)} exp Z Z E:r”emo‘ij
1<j

n=1 1i,j

1
=z . 4.31
' mH1 L=am (43

It follows that the index receives the contributions from the states formed by a single letter
¢1 — i¢2. This result agrees with the 6d superconformal index at infinite k& and, therefore,
agrees with the half-BPS index (4.4). We believe that the full superconformal index at
finite k& can be calculated by including the instanton contribution.

5 Supergravity

Let us briefly consider the AdS7 x S* geometry corresponding to the 6d (2,0) theory [11].
In case we need the complete AdS; geometry with S° boundary. The maximally super-
symmetric AdS; x S* geometry is
1
ds®> = R*(— cosh? pdt? + dp?® + sinh? pds%g,) + 1R2ds2s4,
Fi~Ney, R/l =2(nN)Y3. (5.1)
The 5d unit sphere and 4d unit sphere are modded by

S5 x gt
Zn
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The metrics on S° and S* are, respectively,

dsgs = dsgpe + (dy' + V)2,
dsgs = d¥? + sin® 9dx* + cos® Idsge. (5.3)

where Y’ is the phase corresponding to the phase of ¢4 + i¢5 and dV = 2.J is the Kéahler
2-form on CP2. The Z; modding for the first and second cases are

(1) (', X) ~ (o x) + o (1,3),

(X0 (4 x') ~ () + o (1, -1) (54)

Let us focus on the first case with the change of coordinates to

Y 3y
== = = 5.5
yo= X =X (5.5)
with y € [0,27] and x € [0,27]. The geometry becomes
1
ds® = R? [— cosh? pdt* + dp?® 4 sinh? pdsépg + 2 sinh? p(dy + kV)Q]
R? 3dy >
+ e d¥? 4 sin ¥ (dx + ky> + cos? ﬂdsggl ,
3 . 9
F~N V54+%sm19008 Y dINdy AVg2 |, (5.6)
where
Vgs = sind cos® ¥ d A dx A Vge. (5.7)
where Vg2 is the volume form of a unit 2-sphere.
The corresponding Type IIA geometry can be obtained by the relation:
dst) = e *3dsTy + 17/ (dy + A)?,
Fl = BEL 4 e?BES A dy. (5.8)

Some of NS-NS fields of o,gyn, By and R-R fields C,,C),, are nonvanishing as
Cydz™ = A and e?/3F}, = ¢7/3dB = 3 sin 9 cos® 9dY A Vgz. The metric (5.6) con-
taining (dy + kV)? and (dx + 3dy/k)? becomes

R? R?sinh? psin® ¢
—_(4sinh® p 4+ 9sin® V) (dy + A)? +
( P )(dy ) 4sinh? p + 9sin? 9

T (dx —3V)?, (5.9)

where

_ k4sinh2p V + 3sin? 19dx'

A
4sinh? p + 9sin? 9

(5.10)
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Thus the relation (5.8) implies

R?
do/3 _ P2 s 2
e 4k2(4smh p + 9sin” ), (5.11)
and

e 29/3ds2) = + R2[— cosh? pdt? + dp? + sinh? pds2 s

R? R?sinh? psin® ¢

+ —(d¥* + cos® Vds) + dy —3V)2. 5.12
1 ) ¥ Tann?p 4 9sin? g X~ 3Y) (5.12)
The field strength are
Fl = Ne~4/3pd,
3N
Fl = 76*0/3 sin 9dd A Vge. (5.13)
Note that FYj is for the D4 branes and F}, is for the D6 branes.
The radius of the circle fiber y is of order
1/3
2713 ~ NT sinh p. (5.14)

As we divide the AdS7 space, we do not have a small compact circle and so it is hard to say
the theory has been reduced to the type IIA theory. However the above radius says that
the M-theory description is valid for 1 < k& < N3, Since the dilation field diverges at the
boundary, the ultraviolet physics at the boundary is the 6d physics. From the metric (5.12)
in the string frame of type IIA, one can see that the curvature scale of the type IIA theory
is of order \/ R3/2k ~ \/N/k which is large when 't Hooft coupling A = N/k is large.

6 Conclusion and discussion

We have found the supersymmetric Yang-Mills Chern-Simons theories on R x CP? which
arise from the Z modding of the 6d(2,0) theory on R x S® with additional twistings along
the R symmetry direction. Depending on the twisting, the number of supersymmetries
can be 4 or 12. Here for simplicity we have focused the analysis for 4 supersymmetric case
with the supersymmetric spinor parameter which is a singlet under the SU(3) isometry of
CP2. The fluctuation analysis shows that the fields have the right conformal dimension as
expected from the 6d consideration. Supergravity analysis shows that there are M-theory
region and type IIA region and weakly coupled region even though the boundary between
first two regions is not that distinct.

We have argued that the number of supersymmetries get enhanced for k = 1,2, 3 cases
when the nonperturbative effects are included. As there is a discrete coupling constant,
there might be a chance that our theories are finite in UV and represent the 6d theory
completely once the nonperturbative effects are included. If it is not finite, one may need
higher derivative terms to capture the 6d physics properly. However, the presence of the
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Chern-Simons like term may not allow such a higher derivative term. A further exploration
along this direction is necessary.

Our theories are good stepping stones for calculating the index function of the 6d
(2,0) theory and we hope to report the result in near future. There seems to be several
interesting ideas to pursue from the current point. There may be many BPS objects in the
theory which is not apparent in first glance. The N3 degrees of freedom on the 6d (2,0)
theory [30] have been studied from various points of view [15, 18, 31] and our theory may
provide a further evidence.
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A Convention for metrics and gamma matrices

The space-time metric has the mostly positive signature. The metric tensors on CP? and
S® are, respectively,

2 2 2
dsépz =dp* + %’ sin? pcos? p + # sin? p,
73 .
dsds = dsppe + (dy + V)2, V = Zsin?p, (A1)

2
where y is the U(1) fiber direction. The left-invariant SU(2) 1-forms are

71 = —sinydf + cos ¥ sin Odep,

To = + cosdf + sin ) sin Ody,

T3 = +d1) + cos Odyp, (A.2)
such that dr; = J€;;57j A ;. The range of variables are p € [0,3],6 € [0, 7], € [0,27],¢ €

[0,47] and y € [0, 27]. The volumes of CP? and S are 72/2 and 72, respectively.
The vierbein e™ = e;'dx? for CP? is

el =dp, e* = % sinpcosp, €3 = % sinp, et = % sin p. (A.3)

Their inverse e, = eh,0), is
27, 27, 27,
e1=0p, eg=———, e3=——, 4= ———, (A.4)
sin p cos p sin p sin p
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where

cos

sin 6

71 = —sinyOy + (Op — cos00y,),

- sin 1)
To = +cosOy + p—; (Op — cos00y,),
T3 = +8¢. (A.5)
The Kahler 2-form on CP2 is
1 1
J = iJmnem ANet = §dV =e' Ne? + e Aet (A.6)

The spin-connection for the CP? is

w'? = —% cos 2p, w3t = —i—%(l + sin? p),
w? =i = +% cosp, w = wl? = +% COs p. (A.7)

The vierbein on S° is
E™ =" (m=1,2,3,4), E°=dy+ Vydal. (A.8)
The inverse vierbein on S° is
E, =em—€eb V,0, (m=1,2,3,4), Es=20,. (A.9)
The spin connection for S° is
W™ = ™ — JES WO = Jme™. (A.10)

Our notation for the Minkowski space-time gamma matrices for 6d and 5d is as follows:

(5d) V¥ =1y ®iog, YH*3 = 0123 @01, ¥ = 13 ® 03, P13 = i1y,

6d) TH =" @01 (u=0,1,---4), TP =1, @0y, [T=T"° = _1,®03. (A.11)
The 6d spinor field A and the supersymmetric parameter ¢ have the opposite chirality so
that T7A = X\, I'"e = —e. With B = ioy ® 01, we get By*B~ 1 = —4#" = _75' The spinors

transform as 4 of Sp(2)g = SO(5) symmetry and the 5d Euclidean gamma matrices on
4 are

P123=0123R03, ps=12®02, ps =12 ®01. (A.12)

Our choice of Cartan for Sp(2)g is Ry ~ %p45 and Ry ~ %,012 to fermionic fields. The
charge conjugation operator acting on 4 of Sp(2) g is C' = ios ® oy such that Cp;C~! = pt.
With B = B® o3, we get BrMp-1 — pM= — F?\}. We require the the reality conditions
on the spinors to be

A= —BC)\, e=BCe* = X\= BC)\, ¢ = BC¢* (A.13)

on four component spinors.
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B Killing spinors
The Killing spinors [15, 32] on R x S° are defined as follows:
- 1 _ ]
Viuer = §FM€i = i§FMF0€i, (B.1)

and €4 = ECG}‘F and é4+ = *I'ge. Here we will be loose about 8 and 4 component spinors
as the chirality condition I'"\ = \,I'7e = —¢,I'7€ = € leaves no ambiguity. The covariant
derivative to the spinor on S° given as

- 1
Ve = <8M + 4WﬁBFAB> €. (B.2)

The covariant derivative on spinors in S° can be expressed in terms of that on CP?
plus the derivative along the circle fiber.

i

@06 = Oie = 5706,
. 1 . .
va = [Vm — Vmay -+ 2Jmnfn5] € = |:vm - Vmay + ;Jmn’Yn] €= %/ymga
v — 1 mn 1 mn 1.
V5€ = 8y - ijnr € = 8y - ijn’}’ € = 56, (B3)

where m = 1,2,3,4 and V = V,;,e™ = V,dx¥,J = %Jmnem A €™ and V,, = eV, is the
spinor covariant derivative on CP2. The Killing spinor equation is solved with

[}

= +Tge = +pe (B.4)

The covariant derivative on the gaugino field is

VoA = 9,
A 1 )
Vi = [Vm — Vil + 2Jmnpn5] )= {Vm V0, — % men] N
= 1 mn 1 mn
VsA = |0y — ZJmnF A= [0y — ZJmn'y A (B.5)
Let us split the spinors to eigenspinors 12€°1%2 = i51€°1%1 434€%172 = §59€°172. Note
that 10e5151 = 412345152 — _j5, 595152, One solution of the Killing spinor is
(I) ep ~e attavelt (B.6)

with a constant spinor ef . It is singlet under the SU(3) isometry of CP?. The more
complicated three Killing spinors are nontrivial linear combinations of three spinors

(D) e~ e 3750 " e ), (B.7)

where ¢; depends on CP? coordinates nontrivially. They form a triplet under the SU(3)
isometry of CP2. The detail expression is known but not important here.
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